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1 Isothermal viscoelasticity

Many materials and �uid have properties that are neither completely solid-
like or completely �uid-like. These materials are sometimes called soft mate-
rials (due to the soft modulus) or complex �uids (due to a complex molecular
structure). Examples are polymer melts, polymer solutions or colloidal sys-
tems. From the mechanical point of view the materials are called viscoelastic.
The complete theory of viscoelastic materials in arbitrary deformations is not
yet fully explored. However in small deformations close to equilibrium, the
exists a framework called the theory of linear viscoelasticity (LVE). This
framework will be described in this chapter. The theory of LVE is frequently
used to connect mechanical properties with molecular structure. For simplic-
ity we limit consideration to shear deformations.
Stress relaxation after single step strain

We consider a shear deformation of magnitude γ that occurs at time t = 0.
By this we mean, that particles are displaced by the amounts:

ux = x(t)− x(0) = γy(0)

uy = y(t)− y(0) = 0

uz = z(t)− z(0) = 0

(1)

If no other deformation takes place one would expect for an ideal solid ma-
terial that the shear stress at times t > 0 is given by

σxy = Gγ(t, 0)

where G is the shear modulus. However for viscoelastic materials, the shear
stress may decay with time. This is called stress relaxation. The stress may
decay to zero (in which case we have a �uid) or to some �nite value (in
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which case we have a solid). For both �uids and solids we de�ne the stress
relaxation modulus G(t) by

σxy(t) = G(t)γ(t, 0) (2)

Fluids are characterized by by G(t) → 0 for t → ∞, while G(t) → G0 > 0
for t → ∞ for solids.
For future reference we assume that the strain may occur not necessarily at
time t = 0 but at some arbitrary time t1. Then the deformation may be
visualized as in Figure 1, In this illustration we have introduced the function
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Figure 1: Single step strain at time t1

γ(t) that increases by the amount ∆γ1 at time t1. Then the stress at time
t > t1 is given by

σxy(t) = G(t− t1)∆γ1 (3)

Stress relaxation after double step strain

Now consider the deformation history illustrated in Figure 2. Here there the
total deformation as described by γ(t) is composed of two step deformations
of magnitudes ∆γ1 and ∆γ2 at two past events at times t1 and t2 where
t1 < t2.

By the principle of linear superposition we assume that the shear stress
at time t > t2 is given by

σxy(t) = G(t− t1)∆γ1 +G(t− t2)∆γ2 (4)

=
2∑

i=1

G(t− ti)∆γi (5)

The continuous limit

Now consider an more general deformation history composed of many small
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Figure 2: Single step strain at time t1

incremental deformations ∆γi where i = 1, 2, · · ·N . The stress then becomes

σxy(t) =
N∑
i=1

G(t− ti)∆γi (6)

In the continuous limit we write this summation as an integral

σxy(t) =

∫ t

t′=−∞
G(t− t′)dγ(t′) (7)

The lower limit of the integral has for convenience been set to −∞. Equa-
tion 7 is the general linear viscoelastic model. It is frequently written in
another form in terms of the rate-of-deformation

γ̇(t′) =
dγ

dt
(t′)

Since dγ in Eq. 7 is evaluated at time t′ we obtain

σxy(t) =

∫ t

t′=−∞
G(t− t′)γ̇xy(t

′)dt′ (8)

We have attached the subscript x and y to the rate-of-deformation in order
to clarify that we consider shear deformations. Equation 8 may be used to
compute the stress in any viscoelastic material in small deformations. It is
called the general linear viscoelastic model.
Small amplitude shear oscillation

By far the most frequently use method to characterize viscoelastic materials
in the linear limit is to consider an oscillatory shear deformation of the form

γxy(t) = γ0 sin(ωt)
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Here γ0 is an amplitude of deformation and ω the frequency. The correspond-
ing rate-of-deformation becomes

γ̇xy(t) = γ0ω cos(ωt) (9)

By insertion of Eq 9 into Eq 8 it may be shown that

σxy(t) = G′(ω)γ0 sin(ωt) +G′′(ω)γ0 cos(ωt)

where

G′(ω) = ω

∫ ∞

0

G(s) sin(ωs)ds

G′′(ω) = ω

∫ ∞

0

G(s) cos(ωs)ds

The function G′(ω) is called the storage modulus, while the function G′′(ω)
is called the loss modulus. The de�nition above are sometimes written in the
form

G∗(ω) = G′(ω) + iG′′(ω) = iω

∫ ∞

0

G(s)e−iωsds (10)

where G∗ is called the complex modulus.
Two ideal materials are contained in this model:

• Ideal solid: A solid of modulus G corresponds to G′ = G and G′′ = 0.

• Viscous �uid: A viscous �uid of viscosity η corresponds to G′ = 0
and G′′ = ηω.

A Maxwell �uid is given by

G(t) =
η

λ
exp(−t/λ) (11)

Here η and λ are two parameters of the Maxwell model (a viscosity in and a
time-constant). Show that the viscoelastic moduli for the Maxwell are

G′(ω) =
ηλω2

1 + (λω)2
(12)

G′′(ω) =
ηω

1 + (λω)2
(13)
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Problem 1: Find the behavior of G′ and G′′ for large and small frequency.
Make a qualitative drawing of the moduli as function of frequency ω.
Problem 2: Show that one may write the stress as

σxy(t) = A(ω)γ0 sin(ωt+ δ)

where A(ω) =
√
G′2 +G′′2 is related to the stress amplitude, and tan δ =

G′′/G′ is called the loss tangent.
Problem 3: Wave transmission in a semi-in�nite viscoelastic mate-

rial

A viscoelastic liquid is located in the region 0 ≤ y < ∞. The velocity vx at
the surface y = 0 is vx = V cos(ωt), where V is the amplitude of the velocity
and ω is the frequency. Find the velocity distribution in the material when
transients have died out. Hint: From DPL Table B.1 show that

ρ
∂vx
∂t

=

∫ t

−∞
G(t− t′)

∂2vx
∂y2

dt′ (14)

Now assume that after transients have died out the velocity will be of the
form:

vx(y, t) = ℜ{v0(y)eωt} (15)

Then show that
d2v0
dy2

+ ω2 ρ

G∗v0 = 0 (16)

For simplicity at this stage specialize to a fully elastic material G∗ = G to
show that the wave is transmitted undamped with wave speed vs =

√
G/ρ.

For a general viscoelastic material let

ω2 ρ

G∗ = −(α + iβ)2 (17)

to show that
vx(y, t) = V e−αy cos(ωt− βy) (18)

It is now clear that α is the attenuation of the velocity wave and ω/β is the
wave speed. The expressions for α and β in terms of G∗ may be found in
Dynamics of Polymeric Liquids, vol. I, Example 5.4.1.
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2 Non-isothermal viscoelasticity

A key concept in non-isothermal viscoelasticity is the time shift factor aT
that describes the way molecular relaxation changes with the temperature.
Imagine a step shear experiment, say of shear magnitude γ0 after which the
shear stress relaxes with time. The shear relaxation modulus G(t) is de�ned
such that

σxy(t) = γ0G(t)

For the present purpose we may let the relaxation modulus be described by
a series of exponentially relaxing modes:

G(t) =
∑
i

Gi exp(−t/λi) (19)

Here the λi are a set of time-constants for stress relaxation and the Gi are a
set of moduli. In the non-isothermal situation these constants are functions
of temperature, so that we may write:

G(T, t) =
∑
i

Gi(T ) exp(−t/λi(T )) (20)

Now the time shift factor aT and the modulus shift factor bT are de�ned such
that:

G(T, t) = bTG(Tr, tr) for tr =
t

aT
(21)

The modulus shift factor is given in agreement with rubber elasticity as

bT =
ρT

ρrTr

(22)

For incompressible materials such as polymer melts one may simply use
bT = T/Tr. In fact the modulus shift factor is close to unity and is of-
ten simply taken to be unity.
The time shift factor is the ratio of the time constants at the given temper-
ature and the time constants at the reference temperature:

aT =
λi(T )

λi(Tr)
(23)

This means that the time shift factor is the ratio of the time to reach a
particular relative decrease in stress (from time 0) at the given temperature
compared to the time tr it would take at the reference temperature Tr.
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WLF equation for time shift factor

The shift factors may be determined from experimental data taken at a series
of temperatures by shifting the data vertically and horizontally. However it is
convenient to have a functional expression for aT (corresponding to Eq. 22 for
bT ) both for data-�tting but also for predictive purposes. A very important
equation for this purpose is the WLF equation named after Williams, Landel
and Ferry who applied this equation to polymers in 1955. While the WLF
equation is semi-empirical, it may be rationalized in terms of the concept of
free volume in polymers as described in the following.
First of all, the fractional free volume f is taken to be linearly increasing
with temperature:

f = α(T − T∞) (24)

Here α is a thermal expansion coe�cient for the fractional free volume. Also
T∞ is the extrapolated temperature at which the free volume would be zero.
Sometimes T∞ is taken to about 50K below the glass transition temperature
(the constant c2 in the WLF equation below).
Secondly, the free volume is considered important for the �ow of polymers.
If there is no free volume, the polymer can not �ow since there are no empty
sites available that polymer segments can move to. This corresponds to an
in�nite viscosity. Conversely if there is a lot of free volume, it is easier for the
polymer to �ow, hence the viscosity decreases with increasing free volume.
The Doolittle equation captures this behavior as follows:

η = η0 exp(B/f) (25)

for constants B and η0.
We know from basic linear viscoelasticity (Session 10-11, 2005 notes) that
the viscosity η is related to the relaxation modulus by:

η =
∑
i

Giλi (26)

Therefore we have that
η(T )

η(Tr)
= aT bT (27)

In the following we let bT = 1. Moreover we choose a reference temperature
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Tr with viscosity ηr. Then according to the above:

aT =
η

ηr
= expB

(
1

f
− 1

fr

)
(28)

= exp
B

fr

(
fr − f

f

)
(29)

= exp

(
−B

fr

T − Tr

T − T∞

)
(30)

Hence the logarithm to the base 10 of aT becomes:

log aT =
ln aT
ln 10

= −
(

B

fr ln 10

)
T − Tr

T − T∞
(31)

This gives the Williams, Landel, Ferry (WLF) equation in the form:

log aT =
−c1(T − Tr)

c2 + T − Tr

(32)

where c1 = B/fr ln 10 and c2 = Tr − T∞. Sample values of c1 and c2 may be
found in the literature. Often the reference temperature is taken to be the
glass temperature, Tg, and the two other constants are then approximated
by c1 = B/fg ln 10 ≈ 17.44 and c2 = Tg − T∞ ≈ 51.6K.

3 Exercises

3.1 Temperature shift

You are given a sample of polystyrene with viscosity η = 7.88MPa s at 130◦C.
Estimate the temperature increase needed to decrease the viscosity by a
factor of 10. The glass transition temperature is 130◦C. A rough estimate
will su�ce, however you should state any approximations you make.

3.2 Di�erential Maxwell model

The Maxwell model may be formulated both in integral and di�erential form.
To go from the integral form to the di�erential form it is convenient to use
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the Leibnitz formula for di�erentiating an integral which works as follows:
Given a function f(x, t) that depends two variables x and t and the integral:

I(t) =

∫ β(t)

α(t)

f(x, t)dx (33)

Then the derivative of I(t) is given as follows:

d

dt

∫ β(t)

α(t)

f(x, t)dx =

∫ β(t)

α(t)

∂

∂t
f(x, t)dx+

(
f(β, t)

dβ

dt
− f(α, t)

dα

dt

)
(34)

Use this relation to show that the integral form of the Maxwell model in
Eq. 11 may be formulated as follows:

σ + λ
d

dt
σ = ηγ̇ (35)

Use this formulation to discuss how the material will react under the following
two limits:

• High Deborah number �ow: (λ d
dt
σ ≫ σ)

• Low Deborah number �ow: (λ d
dt
σ ≪ σ)

Finally use the two limits to describe the "spring and dashpot" mechanical
analog model.

3.3 Meaning of loss modulus

Consider a solid cube of dimensions l0 × l0 × l0 described in a rectangular
coordinate system (x, y, z). The box undergoes a deformation such that a
given particle located at (x0, y0, z0) at time t = 0 is located at x(t), y(t), z(t)
at time t:

x(t) = x0 + ux(t) (36)

y(t) = y0 + uy(t) (37)

z(t) = z0 + uz(t) (38)

The functions ux, uy and uz are called displacements. The in�nitesimal strain
tensor is de�ned as derivatives of the displacements (see Fall 2005, Problem
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session 8, Eq. (2)).
In this problem consider speci�cally a small amplitude oscillatory deforma-
tion in which

ux(t) = y0γ0 sin(ωt) (39)

uy(t) = 0 (40)

uz(t) = 0 (41)

In this situation the shear stress σxy(t) is given by

σxy(t) = γ0(G
′(ω) sinωt+G′′(ω) cosωt) (42)

Make a drawing of the cube at time 0 and at some later time t. Show that
the force on the top plate is given by

fx = l20σxy

In a time interval dt the top plate is displaced by the amount dx. Show that
the two are related by

dx = l0γ0ω cos(ωt)dt (43)

Now consider the work needed for this displacement. By de�nition this is
given by dW = fxdx. Let the work per unit volume be dw = dW/l30. Show
that the work per unit volume for an entire cycle is

w = πγ2
0G

′′(ω) (44)

Finally show that the work per unit volume per unit time is

P =
ω

2
γ2
0G

′′(ω) (45)

Relate the answer to the naming of G′ and G′′.

3.4 Creep compliance

Given that

G′ = ω

∫ ∞

0

G(s) sinωsds (46)

G′′ = ω

∫ ∞

0

G(s) cosωsds (47)
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Show that for small ω:

G′ =

∫ ∞

0

sG(s)ds ω2 +O(ω4) (48)

G′′ =

∫ ∞

0

G(s)ds ω +O(ω3) (49)

De�ne the equilibrium compliance Jeq with reference to Figure 5.3-3 in DPL
such that

γ0 = Jeqτ0 (50)

Then show that for small frequencies:

G′ = ω2

∫ ∞

0

sG(s)ds+ · · · = ω2η20Jeq + · · · (51)

G′′ = ω

∫ ∞

0

G(s)ds+ · · · = ωη0 + · · · (52)

(See Example 5.3-6 in DPL (result in Eq. 5.3-42))

3.5

Make a qualitative drawing of G′ and G′′ as function of frequency for a
polymer melt and a crosslinked network.

• Do you think that rubber for automobile tyres should have G′ ≫ G′′

or G′ ≪ G′′. Discuss.

• How do you think the moduli for un-crosslinked polyisoprene would
change if the molecules are crosslinked? Is there some way of adjusting
the modulus by changing the density of crosslinks?
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