CHAPTER17

PHASE-SPACE THEORY OF
POLYMERIC LIQUIDS'

In this chapter we derive from first principles the cquation of continuity for the configura-
tion-space distribution function. the cquations of internal motion for the constituent
molecuies, and the expression for the stress tensor. The derivations are sufficiently general
that the results are applicable to both polymer solutions and undiluted polymers; the fluids
may be mixtures of different polymers, or they may be polydisperse polymers. In the first
four sections the only assumptions that are made are the assumption of some kind of
mechanical model for the molecules and the assumption of pairwise additivity of forces
between “beads.” In the final two sections a few additional minor assumptions are made:
the variation of the distribution functions over molecular-scale distances is neglected, and
the acceleration terms in the cquation of motion arc omitted. It is felt that these
assumptions have little effect on the molecular descriptions of rheological phenomena.

In §17.1 we start with a discussion of the classical mechanics of a polymeric fluid,
whose constituent molecules are modeled as bead-spring-rod systems; here we allow the
“beads™ 10 be of finite size and arbitrary shape. In §17.2 statistical ideas are introduced and
the equations of continuity and motion of classical hydrodynamics are obtained from the
“general equation of change.” This gencral cquation of change is used at scveral points in
this chapter; its importance in the development of the theory cannot be overemphasized
(see Fig. 17.0-1). Then in §17.3 various contracted distribution functions are defined, and
notations for average values are introduced; it is here that the configurational distribution
functions for single molecules and for pairs of molecules arc defined. In §17.4 the various
contributions to the stress tenmsor are obtained as integrals involving the distribution
functions; the pictorial presentation in Fig. 17.4-1 should be examined before embarking on
this section. The stress tensor expressions obtained in this section are further simplified in
§17.6, by making usc of thc cquations of motion for the internal degrees of freedom
developed in §17.5.

The chapter is so designed that it can be read superficially by those who just wish to
have some idea as to the origins of the key starting equations of Chapters 13 through 16. On
the other hand, a careful study of this and the following two chapters can provide a good
understanding of the fundamental principles of polymer kinetic thcory. Many of the topics
in these three chapters have not yet been fully explored or exploited.

! This chapter is based on C. F. Curtiss, R. B. Bird. and Q. Hassager, Adv. Chem. Phys.. 35,31 117 (1976); C. F.
Curtiss and R. B. Bird. Physica. 1LI8A. 191 204 (1983). The approach used here was inspired by the pioneering
work on siatistical mechanical theory and 1ransport phenomena by J. H. Irving and 1. G. Kirkwood, J. Chem.
Phys., 18, 817 829 (1950).
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FIGURE 17.0-1. “Flow chart” for Chapter 17, showing how the key results follow from the general
equation of change.

§17.1 CLASSICAL DYNAMICS OF A COMPLEX SYSTEM

The discussions of this chapter are based on a very general model of a polymeric
solution or undiluted polymer, visualized as a collection of a large number of molecules of
various kinds. Each molecule is modeled as a collection of “finite beads” of arbitrary shape.
These finite beads are then joined in an arbitrary manner by “springs” or “massless rods.”
In Fig. 17.1-1 several such molecular models of varying degrees of complexity are
iltustrated. Note that the “beads” in Chapters 11 through 16 are taken to be point masses
(or spheres of finite size in some of the hydrodynamic interaction studies), whereas here the
“finite beads” may be “needles” or arbitrary rigid bodies. At certain points in the
development we may wish to restrict the model to the point masses considered earlier, in
which case we will refer to “structureless beads.”

To describe, at any instant, the orientation of the vth finite bead with respect to &
fixed coordinate system we introduce a set of generalized coordinates, q,,. If the bead is 2
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Rouse chain

{a)

Kramers chain
(b)

Freely jointed
chain of “needles’”

Rouse chain with
ellipsoidal beads

(d)

FIGURE 17.1-1. Examples of molecular models for use in kinetic theory.

‘needle,” then o = 1,2 and two such coordinates (0, ¢,) are needed to describe the
orientation; if it is an arbitrary rigid body, then ¢ = 1, 2, 3 and three Euler angles («,, ,, 7,)
are required. If the bead is simply a mass point, there are no such coordinates.

The kinetic energy of a finite bead, with respect to a coordinate system translating
with its own center of mass, is a quadratic form in the time derivatives, {,,, of the
generalized coordinates

%v:%ZZgV,GTQVGQVI (171“1)

T

where the g, ,. are the elements of the “metric matrix” of the finite bead; these are, in
general, functions of the coordinates q,,. As an example, if the finite bead is a “needle” of
moment of inertia, I, the two coordinates may be taken to be the usual polar angles
describing the orientation: ¢,, = 8,; q,, = ¢,. The diagonal elements of the metric matrix

are then

gy 11 =1 (17.1-2)
gy.22 = Isin? q,; = Isin? 0, (17.1-3)

and the off-diagonal elements are zero.



248 DYNAMICS OF POLYMERIC LIQUIDS

The internal kinetic energy, .4, of the entire molecular model is then the sum of thé
rotational kinetic energies ., and the translational kinetic energies im,R? of the finite
beads

Hiw = 2, Gm, RS + A (17.1-4)

Here m, is the mass of the vth finite bead, and R, is the vector from the center of mass of the
entire molecular model to the center of mass of the vth finite bead; the vector R, is the bead
velocity.

The molecular models being considered here may contain constraints; for example,
the connectors between the finite beads may have fixed lengths or may have fixed angles
between them. Hence there may be relations among the R, and q,,. [t is therefore necessary
to introduce a set of generalized coordinates Q,, which are independent and sufficient in
number to describe the orientation of the molecular model in space, the relative locations of
the finite beads, and the orientations of all the finite beads. The number of required
generalized coordinates is fixed by the model, but the detailed choice of the coordinates is
arbitrary. Various choices that may be made for chain models are discussed 1n §11.6

We next introduce the base vectors, b, defined in Eq. 12.1-6 as well as a set of
similar quantities b, associated with the finite bead orientations

-9

= - R 17.1-

b,, J’”“@QS , (17.1-5)
0

o 17.1-

buos = 5, e (17.1-6)

so that the time derivatives may be written

R = =5 0.b, 17.1-7
T Z 0, ( )
Qva = Z stvas (171_8)

Using the last two relations, we may rewrite the expression for the kinetic energy of a
molecule in a coordinate system moving with its center of mass, Eq. 17.1-4, as a quadratic
form in the time derivatives, Q,, of the generalized coordinates

‘%/.int = %ZzgsthQt (171'9)

where the coefficients are defined as

9 =94’ + 9% (17.1-10)

and
gi' =2 (b b,) (17.1-11)
99 =22 duochroshra (17.1-12)

v [ T
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The g,, are the elements of the metric matrix of the molecule and are in general functions of
the generalized coordinates Q. The first term in the expression for the metric matrix g{1,
defined by Eq. 17.1-11, is given by Eq. 12.1-7. In Chapter 12 the polymer molecules were
modeled as collections of structureless beads, and for this reason the second term, ¢'2, did
pot arise.

As discussed 1n §12.1 the momentum conjugate to (; is defined as

:ngtQt (171"13)

Also as discussed earlier these equations may always be inverted formally to give

0,=Y G,P, (17.1-14)

where the G, are the elements of the matrix which is the inverse of the metric matrix, ¢,.
The last set of equations may be used to transform the expression for the kinetic
energy of a molecule in a center of mass coordinate system as given by Eq. 17.1-9 to the form

int

A =32 G, PP, (17.1-15)
st

The Hamiltonian of a single molecule in the same coordinate system is then a function of the
coordinates Q, and momenta P, given by

ntZL%/ierd) (]71-16)

where ¢, the intramolecular potential, is a function of the generalized coordinates ¢J,.

The system which we study from the point of view of statistical mechanics is a
collection of a large number of molecules—in general, of different types. If we consider a
solution, the solvent molecules are modeled simply as mass points without structure
although more complex models could be used. Such a system is illustrated in Fig. 17.1-2. In
this discussion, we use Greek indices (%, f3, 7, ...) to indicate the molecular species, followed
when necessary by italic indices (i, j, k, .. .) to label the various molecules of the species. For
example we use r* as the vector from a space-fixed origin to the center of mass of molecule i
of species «, which may be a polymer or a solvent molecule. The linear momentum of this
molecule is then p*. Indices such as « and «i are omitted whenever they appear to be
cumbersome and when no confusion can occur.

The Hamiltonian of the entire system in Fig. 17.1-2 is the sum of the energies of the
separate molecules (each of which in turn is the sum of the kinetic energy of the motion of
the center of mass, the internal Hamiltonian, and the potential ¢ which describes the
“external” force on a molecule of species «) and the intermolecular potential, @, associated
with the forces between the molecules. This Hamiltonian may be written as

e I . .
H#D =TV [Zm“ (P¥) + A+ (pwwl +® (17.1-17)

where m* is the mass of a molecule of species a.
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FIGURE 17.1-2. Sketch of a polymer solution containing a solvent (« = 1) and two polymer
species (o = 2, « = 3). Both polymer species have “constraints™ (rigid portions indicated by an

inflexible rod).
Hamilton’s equations of motion, which describe the time derivatives of the coordi-

nates and momenta, are given by Eqs. 12.2-6 and 12.2-7. Before writing these equations, we

define several quantities. First, the force on the center of mass of molecule i of species « due

to the external force is
(17.1-18)

. 0 .
F(e)ou = - ¢(e}au
ar(ll

and that due to all the other molecules is
(17.1-19)

Fazi R
ore
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In a similar manner we define four generalized forces associated with the coordinate ¢,

4 oD 4
Jf§k)al —_ %_ z P(:upzl éQm G;!; (]7]"20)
tu 8
g~ _ 0 g (17.1-21
N aQau N )
A 0 ;
yée)m - _ é,,&,i (i)(e)m (171*22)
Fai 0 @ (17.1-23)
s aQ:i ’

The first of these is associated with generalized forces arising from the use of non-Cartesian

coordinates; the remaining three are associated with intramolecular, external, and inter-

molecular forces. In addition it is convenient to define

Fil = ghd | gbal . glow 4 grida (17.1-24)
S S 5 5 N .

as the sum of all four contributions.

In terms of the real forces and generalized forces, Hamilton’s equations of motion are
cf. Egs. 12.2-6 and 12.2-7)

. oD | S
Fu = w(:};(;_ . %pm (171‘25)
.. oD .
e =Y GHpY (17.1-26)
0P ; i
. E A ; ;
p'au — _ _;arm_ —_ F(e)"” + F* (171"27)
s o™ ;
P(;u — _ 6Qai — Jf/:;” (171'28)

These equations describe the time evolution of the dynamical state of an entire system.

The concept of a phase space is discussed in §12.3, This is a multidimensional space,
the coordinates of which are the configuration and momentum coordinates of a system. In
this case, it is convenient to consider a phase space described by the coordinates of all of the
molecules making up the macroscopic system of interest—the polymer solution or melt. As
time evolves, the coordinates of the system change and trace out a “trajectory” in this space.
The derivatives of these coordinates along such a trajectory are described by the last set of
equations. From Egs. 17.1-7 and 17.1-14, it follows that the time derivative, along such a
trajectory, of the vector R* is

R = Y G PEb (17.1-29)

N
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A “dynamical variable” is any function of the coordinates and momenta of a system, that is,
a function “in the phase space,” which in general varies along a particular trajectory. The
right side of the last equation may be considered to be such a dynamical variable, and we
note that the derivatives with respect to the phase space variables of this function are

o .. 1 I 0 o
SR = Y P (g 17.1-30
(/)Qi” v \/mz %; {OQZ[ ( t i1 —J ( )
9 pi— L Y G 17.1-31
OPZ(,* v \/mt - st ¥yt ( R e )

These results are used in the next section in developing the equation of motion.

EXAMPLE 17.1-1 The Two-Needle Model

Obtain the clements of the metric matrices, g, and G, and the determinant, g, for the
molecular model consisting of two needles joined as illustrated in Fig. 17.1-3.

SOLUTION Let 0, and ¢, be the angles describing the directions of the unit vectors, u,, in the
directions of the two needles. The length of cach needle is [, and the center of mass of the needle is
located a distance wl from the end at which the needles just touch (with w $# 0). Thus,

R, — R = wl(u, + u,) (17.1-32)
and

R, = —Sol(u, +u,)
(17.1-33)
R, = -licul(ul + u,)

These relations among the R, and g,, are the constraints associated with the condition that the ends of
the needles just touch.

\/ u,
Uz Needle “2”

/ o R \
Needle 1"

Center of mass of
two-needle system

FIGURE 17.1-3. The two-needle model. The needles are joined head to tail, and the center of mass
of a needle is a distance wl! from the joint.
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The coordinates Q, with s = 1, 2, 3, 4, are now taken to be 0, ¢, 0,, and ¢,, respectively.

One then finds from the definitions of the b

vs?

by = *-%\/r;d(ulsl

b, = —ﬁ—Jﬁla}ltl sin 6,
b= — é\/mw!sz

by = — s /molt, sin 0,
by, = —b,,

Eq. 17.1-5, and the last equations that

(17.1-34)

where s, and ¢ are unit vectors normal to #, described in Table E.5-1. Since the @, are the g,

renumbered, it follows from the definition of the b, , Eq. 17.1-6, that

by =1
by =1
by3=1
hyya=1

and the other b, _ are zero.
Next, one finds from the definition of ¢!, Eq. 17.1-11, that

1 0 (55°81)

GmPw?) g = Si (527208,
(s;°52) (£, 5)S, t
(5.°52)8; (1" 1)8,5, 0

where S, =sin0,, §, = sin 8, and from Eqgs. 17.1-2, 3, and 12 that

1 0 0 0
1»g<2>: 0 52 0 0
7 0 0 1 0
0 0 0 53

(17.1-35)
(f278,)8,
1t
(1271525, (17.1-36)
0
3
(17.1-37)

The metric matrix, g,,, is given by Eq. 17.1-10 as the sum of these two matrices. This matrix may be

written as
A 0 (51°57)
(%mll(uz)‘lg,'—- AS% (r,°5,)5,
’ (51°52) (t - 52)8, A
(51 1), (1, 1,)8,5, 0
where

(81°13)8,
1, 1,)8S
()52 gg )
0
AS3
(17.1-39)
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The square root of the determinant of the matrix is
9" = (mPw? P A(A? — 1SS, k12 (17.1-40)

where

(17.1-41

As discussed in §12.3, the equilibrium distribution in configuration space, of molecular models with no
intramolecular potential is g'/2. Thus the factor h'/? describes the deviation of the equilibrium
distribution for this model from that arising from a “random” distribution of angles.

A needle with a fraction (1 — w) of its mass at the “head” end and a fraction w of its mass at
the “tail” end would have a moment of inertia of

[ = w(l — w)ml? (17.1-42)

It is interesting to note that if @ = % this model is similar to the “three-bead, two-rod ” model discussed
in Example 16.1-2, and since A4 = 2 the equilibrium distribution of angles is the same. On comparing
Eq. 17.1-39 with Eq. 12.1-16 one finds that indeed the two models lead to identical metric matrices; if
="

The inversion of the metric matrix leads to the values

0G,, = AS%S%[AZ -1+ (tl'”2)2]
0G,, = "'Asls%(sl'”z)(’x'”z)

QG 3= —SiS3[A%(s,"55) + (¢, " 1)(u; - uy)]
0G .= —SiS,[A%(s, " 1) — (1, *52)(u, " 5)]
0G,, = ASI[A® — 1 + (5, *u,)*]

0G,; = —S,S3[AXt, - 5,) — (5, 1,)(ut; *1uy)]

0Ga, = =S8, [A%(t,* 53) + (5, 8,)(u; *uy)]

0G;; = ASIS3[A? — 1 + (t,-u,)?]

0G3, = —ASISy(s, u )1, uy)

0G,, = ASHA? — 1 + (s, u))*] (17.1-43)

where
Q = imPw*A*(4*> — 1)hS]S3 (17.1-44)

From these expressions one may obtain the elements of the metric matrix, G, for the three-bead

two-rod model by setting w = %, 4 = 2, and | = (3)'a.

st?

§17.2 ENSEMBLE AVERAGES AND EQUATIONS OF CHANGE

In the foregoing section, it is pointed out that the dynamical state of a single
macroscopic system consisting of many solvent and polymer molecules may be described by
a “system point” in the associated phase space. In general, the dynamical state changes with
time and the point traces out a trajectory in the phase space. For convenience in the next
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few paragraphs, we use the single symbol x to describe a point in the phase space, that is, the
full set of coordinates that describe the space. A trajectory is then described by the time
gvolution of the point x(t).

In the statistical treatment, it is shown that the actual or “probable” behavior of a
physical system is described by the average behavior of a large number, or “ensemble,” of
identical systems. The dynamical state of such an ensemble is described by a distribution of
system points in the phase space, f(x, t), and the average behavior is described by the time
evolution of such a distribution. In the present discussion, the distribution function, f(x, 1),
is normalized so that the integral over all of the phase space is unity

f f(x, tdx = 1 (17.2-1)

Thus f(x, t)dx is the fraction of system points that lies in the multidimensional hypercube
dx in the phase space. Note that the distribution function introduced here is a generalization
of that used in Eq. 12.3-1.

The development of the equation for the time evolution of the phase-space
distribution function f(x, f) is similar to that given in §13.2 for the “equation of continuity”
of the configuration-space distribution function for a single dumbbell. The essential point in
the development is that no system points are lost or created: as time evolves they simply
move through the phase space describing the time evolution of the dynamical state of each
system in the ensemble. Thus, by analogy with Eq. 13.2-10 we have

3
.Z _ Zﬁ‘ 1) (17.2-2)

where the x; are the generalized coordinates and conjugate momenta.

Next we continue the analogy with the derivation of the “diffusion equation” in
§13.2 and introduce the expressions for the time derivatives of the phase-space coordinates
given by Hamilton’s equations of motion, Egs. 17.1-25 to 28. When these are substituted
into Eq. 17.2-2 we obtain the Liouville equation®

(17.2-3)

in which % is the Liouville operator

t 0 0
g p— RN ; S Gau Pau F(e)m Fou J’au s 17‘2-4
| g;(map v+ DT GHPT 5 IR 4 P sw) (17.2-4)

In obtaining this last equation many of the terms cancelled since mixed second derivatives
of the full Hamiltonian of the system with respect to a coordinate and a momentum do not
depend on the order of differentiation.

The physical properties of a macroscopic system are ensemble averages of certain
dynamical variables or functions in the phase space. Let us denote an arbitrary dynamical

! 1. Liouville, Journ. de Math. Pures et Appliquées, 1. Sér., 3, 342-349 (1838).
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variable by B(x), an arbitrary function in the phase space that does not depend explicitly on
the time. The average over the ensemble is then denoted by the angular brackets:

(B) = j B(x) f(x, 1)dx (17.2-5)

by analogy with the use of angular brackets in §12.4.

An equation for the time ¢volution of the average value of an arbitrary dynamical
variable B may be obtained by using the continuity equation in Eq. 17.2-2 in the following
way:

0

o {B>

i

JB(X) gz fx, t)dx

=-3 J B(x) - (x:/)dx

X
S
=2 sz.f 5y, Beo)dx (17.2-6)

In the last step an integration by parts was performed, and use was made of the fact that for
dynamical variables B(x) of physical interest, B(x)xf evaluated at the limits of the variables
is zero or, for periodic coordinates, the terms at the two ends cancel. If, now, use is made of
Hamilton’s equations of motion of the previous section, then we obtain

; (B) = Jf(x, OLL B(x)]dx (17.2-7)

or

% (BY = (¥B> (17.2-8)

This is called the general equation of change for an arbitrary dynamical variable B(x). We
shall now use this result to obtain the equations of continuity and motion for the polymer
solution, and in §17.5 it will be used again to obtain equations for the time evolution of
lower-order distribution functions.

a. The Equations of Continuity

As particularly simple examples of the general equation of change, we consider the
equations of continuity of each species. For this purpose we take as the dynamical variable

B =YY mér" + R —r) (17.2-9)

This dynamical variable is a function in the phase space, which depends only on a subset of
the phase space variables (the configuration coordinates of all the molecules of species «)
and depends parametrically on the vector . A particular term in the sum is zero unless the
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center of mass of bead v of molecule i of this species is at position r. Our statistical treatment
begins with interpretation of the average of this dynamical variable

plr, B = <z Y mio(r + RY — r)> (17.2-10)

as the mass concentration at r of species a. It is 10 be pointed out that in making this
identification, we note, explicitly, that the mass of a polymer molecule is distributed in space
and is not simply located at the center of mass of the molecule, as is usually assumed,
implicitly, in the statistical treatment of systems of small molecules. On the other hand, we
have assumed implicitly, that all of the mass of a finite bead is located at the center of mass
of the bead.

The mass concentration p,, as defined by Eq. 17.2-10, is a function of » because the
dynamical variable B depends parametrically on » and a function of time because in general
the distribution function used to obtain the average varies with time. To make use of the
general equation of change, Eq. 17.2-8, we next consider the operation of the Liouville
operator given by Eq. 17.2-4 on one term in the expression for the dynamical variable B
defined by Eq. 17.2-9. Thus we find that

il

. . 10 . 0 ) )
ffé(r‘” -+ Rgl — r) <ma e 'a’ra’[’l. + Z Z ngtzP;zz 5Qai>5(rm + R:l —F)
s ot s

1. 1 R . .
- - ( P Y G‘;‘P;"b%;> V6% + RE — 1)
m m% s
| S .. ) .
=—-V- (m“ p* o+ R$’>5(r"“ + R —r) (17.2-11)

The general equation of change then becomes the equation of continuity for species a,

G,
= Py = —(V-p,v,) (17.2-12)
ot
where
1 1 .. . ;
%M0=p<ZZMQMW+R®%”+m“W» (17.2-13)

is the mass average velocity of molecules of species «. The product p,v, is the density of

linear momentum associated with these molecules. This expression is analogous to that

for the mass density, Eq. 17.2-10. In the expression for the momentum density the extension

in space is again recognized (the R% term); and the momentum of the beads relative to the

motion of the center of mass of the molecule is also acknowledged (the R* term). On the

other hand, in this expression the spatial extent of the finite beads is once again neglected.
The total density is the sum

p=Yp, (17.2-14)
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and the total momentum density is the sum

pY =) p,b, (17.2-15)

With these definitions, it readily follows from Eqgs. 17.2-13 that

2
P A A ) (17.2-16)

This is the overall equation of continuity (Eq. D.6-2 or Eq. 1.1-4); for an incompressible fluid
it simplifies to

V-v)=0 (17.2-17)
The mass flux of species o relative to the stream velocity? is
Ju = pulv,— v) (17.2-18)

A kinetic theory expression for this flux leads to expressions for the (translational)
diffusivities in polymeric liquids (see Eqs. 18.4-29 and 19.4-28).

b. The Equation of Motion

Next we proceed with an analogous development that leads to the equation of
motion. In this development certain terms are ultimately identified as making up the stress
tensor and in this way we obtain an expression for the stress tensor in terms of integrals over
the distribution functions.

For this development, we take as the dynamical variable

U N
B=Ym (51— P+ R$‘>5(r"” + R —p) (17.2-19)

aiv

It follows directly from this definition and Egs. 17.2-13 and 15 that the average of this
dynamical variable is pv so that in this case the left side of the general equation of change,
Eq. 17.2-8, is dpv/ot.

In contrast with the previous development, in which we derived equations of
continuity for each species, here we develop a single equation describing the conservation of
linear momentum of the mixture. The reason for this difference lies in the basic dynamics of
the system. Since we are considering a nonreacting mixture, collisions among the molecules
do not alter the chemical constitution. On the other hand collisions do affect the amount of
linear momentum associated with each species, but not the total amount of linear
momentum. For this reason, it is only when the total momentum is considered that one is
lead to a “conservation” equation with no source terms—other than those associated with
external forces.

2 See Fq. D.6-1 for the equation of continuity in terms of j,. For further information on various definitions of
diffusion fluxes see R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, Wiley, New York (1960),
§16.1.
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The Liouville operator, %, is a linear, first order, differential operator and hence the
operation of £ on B leads to terms analogous to those obtained in the development of
the equation of continuity and additional terms arising from the differentiation of the
additional factor [(1/m*)p* + R%]. The result is

=_vy- Z (MW pm + Ral>( pau + Ra>5(rm + Rcu )

aiv

1 X
+ m: — [F(e)au + Fau'] + o G;«:P;xi (» Rau)
s o, s 6 (5

{0 ; i
+LF <p R‘:‘)](S(r“‘ + R — 1) (17.2-20)

The derivatives of R* with respect to the phase space variables are given by Egs. 17.1-30 and
31. When we use these we find that it is convenient to define an “effective force” on bead v as

F,= '—,:— [F9+ F1+/m Yy [ﬂo but L2 GuPoPy (aQ Gs.bv.ﬂ (17.2-21)
P s 1
It is to be noted that in this expression and in a number of those that follow, we omit for
convenience the superscripts o and i specifying the species and identifying a particular
molecule of that species. When this is done we use m, to indicate the total mass of a
molecule (polymer or solvent) rather than the more explicit m*.
With the results developed above the general equation of change, Eq. 17.2-8 ‘may be
written in the form of the equation of motion

¢

v=—[Vepoo] - [V-a¥] + § (17.2-22)

Otp

in which

U U .
) = <z m:< AR - v)( P R v)é(r"“ + R — r)> (17.2-23)
m m

S = <Z FESr + R — r)> (17.2-24)

Equation 17.2-22 is similar in form to the equation of motion as given by Eq. D.6-3 or Eq.
1.1-8. The first two terms on the right arise from the first term in the expression for ¥ B, Eq.
17.2-20. This first term in ¥ B has been separated to give the term containing pov, the
convective term associated with the bulk flow of the fluid relative to the fixed frame, and
another term, containing m), which is usually referred to as the “kinetic contribution™ to
the stress tensor and describes the momentum transport due to the “Brownian™ motion of
the beads relative to a coordinate system moving with fluid velocity v. The source term S
describes the momentum transport associated with the effective force ., defined by
Eq. 17.2-21. Tt will be shown that except for the term in .#Z* containing the cxternal force
F©), the quantity S may also be written as the divergence of a tensor; this procedure will
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then lead to additional contributions to the stress tensor associated with the various real
and effective forces (compare Eqs. 17.2-22 and 17.4-32).

As examples, we may consider the explicit form of the effective force that appears in
the source term of the equation of motion for several specific models. In particular, if one
considers the elastic dumbbell model which 1s discussed in Chapter 13, one finds that the
expressions for the effective forces given by Eq. 17.2-21 become for beads “1” and “2”

d

F, =LF9 + F) + 62 u (17.2-25)
d

F, = L(FO 1 F) - 52‘3 u (17.2-26)

where F19 and F are the forces on the center of mass of the dumbbell due to the external and
intermolecular potentials, respectively. In each expression the last term is the force on the
bead due to the intramolecular potential which is in the direction of the spring (u is the unit
vector @/Q). The analogous expressions for the specific case of the rigid dumbbell discussed
in Chapter 14 are

2
!0;;—1 — %(F(e) + F) + Z '%/intu (172-27)

2
T = 4(FO + F) = T A (17.2-28)

where 7, is the rotational kinetic energy of the dumbbell defined by the general
expression, Eq. 17.1-15, and F© and F are defined as in Egs. 17.2-25 and 17.2-26. In these
equations the last terms are effective forces arising from the constraints; these terms are
obtained from the last Gy -term in Eq. 17.2-21 with the help of Example 16.1-1.

EXAMPLE 17.2-1 The Effective Force for Models with No Constraints

Simplify Eq. 17.2-21 for the effective force &,, for models with no constraints and with beads
that are mass points.

SOLUTION For any mode} with mass points (structureless beads) joined together with springs
in any kind of connectivity, one can specify the location of the beads relative to the center of mass of
the molecule by a set of vectors @,. For a linear chain the Q, would be the “connector vectors,” but for
a mode! with branching or closed loops the @, may be selected arbitrarily. In either case, if the
generalized coordinates @, are taken to be the Cartesian components of @,, we know that the g,, and
G,, matrices do not depend on the generalized coordinates (cf. Eqgs. 12.1-23 and 12.1-24). If this choice
is made, then in Eq. 17.2-21 the term containing the double sum on ¢ and v vanishes.
The force &, in Eq. 17.2-21 can be obtained from Eqgs. 17.1-20 to 24 as

R
-0,

8

(¢ + ¢+ D)

1 d
= %ﬁ (bus'g;“ (@ + ¢+ (D)> (172-29)
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the second line being obtained by using the chain rule of partial differentiation (see §E.1). When this
expression for &, is inserted into Eq. 17.2-21, then use of 12D.3-5, a relation valid for systems with no
constraints, gwes

(F‘” + Fy—/m,} \/an%> a‘: (¢ + ¢+ @)
m

N G

m a
= L (F© Fy— - (e} Y ~
SI(FO 4 F) <</>+<f> +d)+ Y S

P rop u

(¢ + ¢ + D) (17.2-30)

Since the sum of the intramolecular forces on the beads of one molecule is zero, it follows that
— 2. (0/0r ) is zero. In addition — 3}, (9/dr )¢ is just the total external force on the molecule, '),
and —Z‘l(ﬁ/ar Y is the total force F on the molecule due to all the other molecules. Therefore, some
cancellation occurs and

0
F, = — 0( (¢ + ¢ + @) (17.2-31)
r\'

Thus, we see that if the molecular model involves no constraints the effective force 4, is simply the
sum of the true forces arising from the various potentials. This general result is clearly consistent
with the explicit expression for the elastic dumbbell model given by Egs. 17.2-25 and 26; but for the
rigid dumbbell model, which involves a constraint, the expressions for #, have a different form
(Egs. 17.2-27 and 28).

§17.3 CONTRACTED DISTRIBUTION FUNCTIONS

In the foregoing sections a distribution function f(x, t) in the full phase space of the
system was introduced. Then the physical quantities of interest p, pv, t*), and § were written
as ensemble averages involving this distribution function. It will, however, be more
convenient to express these averages in terms of certain “contracted distribution functions:”

The singlet phase-space distribution functions.

The pair phase-space distribution functions.

The singlet configuration-space distribution functions.
The pair configuration-space distribution functions.

In this section we define these contracted distribution functions, and then in the next section
we obtain expressions for the stress tensor and other physical quantities in terms of these
functions.

The singlet phase-space distribution function is the nonequilibrium generalization of
the phase-space distribution function f,, discussed in §12.3. Here we define the function for
species o as

0.0, P = (3807~ DA™ — 0™ — P - P)

The argument Q is symbolic for the full set of generalized coordinates and (0% — Q) is
symbolic for the corresponding product of d-functions. Similar comments apply to P and
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3(P* — P). The function f,(r, @, p, P, 1) is the probable number density of molecules of
species « in the phase-space; that is

Jor, Q, p, P, t)dr dQ dp dP (17.3-2)

is the probable number of molecules of this species with center of mass in the region dr
about r and with momentum p, internal coordinates O, and conjugate momenta P in the
ranges dp, dQ, and dP about p, 0, and P.

The second set of contracted distribution functions is defined in an analogous
manner

i

Jup(r', Q¥ Q" 0, P p", P 1) = <Z 2 00 — r)3(Q™ — Q)0 — r)3(QY — Q)

X 3(p™ — PP — P)o(p) — p)o(PY P">>

(17.3-3)

These are functions in the two-molecule phase spaces. They are the joint probable number
densities of molecules of the species indicated. If the two species are alike (o = f), the terms
in the double sum in which i = j are to be omitted. These functions vary rapidly with the
separation distance between the centers of mass of the molecules at separation distances of
the order of molecular dimensions, but vary slowly with the position of the center of mass of
the pair. For this reason it is convenient to change variables and define a related set of
functions

Jogrs RQL Q" P PP P 0) = [y, Qv Q' P, P, P 1) (17.3-4)

where

(17.3-5)
R=v¢" —v (17.3-6)

In the new set of functions the variables #’ and " are replaced by r, the vector to the center of
mass of the pair, and R, the vector from the center of mass of the “first” molecule to that of
the “second.”

Next we define the configuration-space distribution functions by integrating the
various phase space distribution functions over the momentum coordinates. As in the
development of §12.3, the integration of the singlet function leads to the single-molecule
configuration-space distribution function:

Wr, Q1) = Jf v, Q. p, P, t)dp dP (17.3-7)
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The integral of this function over the internal coordinates

f W (r, 0, DAQ = nr, 1) (17.3-8)

is the number density of molecules of species « (cf. Eq. 12.3-2).
In a similar manner the distribution functions in the configuration spaces of pairs are
defined by integrating the f,, over the momenta

\Paﬁ(r,: Qr’ r", Q”’ t) = J‘J-f\[ ﬁzﬁ(rla Qr7 l‘”, Q/r’ pr, P/, Il”, P”, t)dp’ dP/ d[)” dPrr (173__9)

The functions, ‘T’a,,(r, R, Q. Q", 1), are defined in a similar manner by integrating the
corresponding phase-space functions over the momenta. If the two molecules are suffi-
ciently far apart that they are statistically independent, that is, uncorrelated, the joint
probability becomes a product of the separate probabilities, that is

lim W, 0, r, Q" 1)y =Y (r, 0, OF (", 0", 1) (17.3-10)

[ — |- a0

Use is made of this later.

In the development of the next section, we make use of the symmetry of the pair
distribution functions in configuration space. From the definitions, Eqgs. 17.3-3 and 9, it
follows that

W, Q" F, QL) =Yu(r, Q' r, Q' 1) (17.3-11)
and thus
P, RO, 0,0 =¥ 4(r, —R, 0,0, 1) (17.3-12)

We conclude this section with the introduction of a convenient notation for an
average over the momentum space. For any function, B, defined in the phase space of the
system, we define the average

1

Bl = g . 0.9

H <B Y 8 = 13QY — Q)(p™ — p)3(PY — P)>dp dpP

1 i Qi i
7D <B 200 = no(Q Q)> (17.3-13)

This average is a function in the configuration space of a single molecule of species «, and in-
volves taking the ensemble average over all the momentum coordinates and over all config-
uration coordinates except those of a single molecule of species a. From the definition
of the singlet phase space distribution function, Eq. 17.3-1, it follows that if B is a function,
b(r, Q, p, P), in the phase space of a single molecule of species «, this average reduces to

1
[[bﬂ = {{Ta_(;TQi_{) J‘J‘b(ra Qa P, P)ﬁz("’ Q’ P, P, l)d[) dp (173_14)
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and becomes identical to the average in §12.4. In the applications of this chapter, the
function B will, in general, depend on the momentum coordinates of a single molecule of
species o only, but will depend on the configuration coordinates of several molecules.

§17.4 THE STRESS TENSOR IN TERMS OF THE
CONFIGURATION SPACE DISTRIBUTION FUNCTIONS

We now return to the expressions for the various macroscopic properties and ex-
press them in terms of the singlet and pair distribution functions. From the expression,
Eq. 17.2-10, for the mass concentration associated with molecules of species o and the
definitions of the previous section, one finds that

pir.t) = ¥ J J J Jr — Ry, 0. p, P, 1)dQ dp dP

= m fwa(r —R,,0,1)d0 (17.4-1)

The displaced position argument in the distribution function in the integrand arises from
the finite extension of the polymer molecules in space.

In a similar manner one finds from Eq. 17.2-13, that the momentum density associated
with molecules of a particular species o is

paty = Y m; m (mi,, + Rv>ﬁ,(r ~ R, Q.p, P.)AQ dp dP
=3 m ﬂ[iap + Rvﬂa Y, (r~R,, Q. 00 (17.4-2)

The mass flux of « is then
1 a
=Y m, ﬂ[n;; p+ R, — v}] Y (r—R,, Q,1)dQ (17.4-3)

Next we turn to the kinetic contribution to the stress tensor as given by Eq. 17.2-23.
This may be written as the sum of integrals involving the singlet distribution functions:

a® =3 m HKWI. p+ R, — ”>(;37a p+R,— vﬂ]a‘{’a(r —R,,Q,0dQ (17.4-4)

Most of the remainder of this section will be concerned with the source term S in the
equation of motion (Eq. 17.2-24). Before embarking on this discussion we introduce some
additional notation for the effective forces.
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Let us return to the expression for the effective foree, #,, as given by Eq. 17.2-21, and
separate the expression into terms involving the external forces, intramolecular effects, and
intermolecular effects. Thus we first define

\/m we Gb,, (17.4-5)

uu

T d
P}'"(VS)z\/mVZ[(ﬁS + FNGb, + Y G PP, ( 0. oz;)] (17.4-6)

m,
FP = :,: F/m, Z FGab,, (17.4-7)
so that
F, = ['ﬁv F@ 4 5738)] + FE p FWD (17.4-8)
m
p

The superscripts (S) and (D) stand for “single” and “double.” The relation between
these vector effective forces and the scalar forces introduced in §17.1 is summarized in
Table 17.4-1.

The source term in the equation of motion as defined by Eq. 17.2-24 may be
separated in an analogous manner and written as

S=S8@ 4 §5 4 gD 1 (17.4-9)

Since (m,/m,)F© + F© and 7 are functions of the phase-space coordinates of a single mole-
cule only, the corresponding contributions to the source term are obtained by performing
integrations over all momenta and the configuration coordinates of all other molecules. This
leads directly to

@ = Z ( Ly AL L O‘—ie)a>‘{la(r —R,, 0, 1)dQ (17.4-10)
SO =Y | [FOTH( — R, Q, 040 (17.4-11)

In the treatment of S*P, the contribution of the intermolecular effects, we assume
that the intermolecular potential is the sum of contributions associated with pairs of
molecules

=1 Z b (17.4-12)

aifij

where @*#/ depends only on the configuration coordinates of the pair of molecules ai and
Bj, and the terms with both o = f and i = j are zero. With the above assumption the source
term, S, may be written in terms of integrals involving only the pair distribution
functions.
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With the assumption of “two-molecule” forces (Eq. 17.4-12) it follows from the
definition of F in Eq. 17.4-7, and Eq. 17.1-23 that

tg'(vl))azi — Z f:i,ﬂj (174"13)
Bj

That is, the effective intermolecular force on a bead of molecule i of species « is the sum of
contributions from all of the other molecules of the same or different species. If we
abbreviate oi by « and f§j by f, a typical term in the sum is given by

FP (R, 0 0p) = F“” + /MY FHGLb, (17.4-14)

st

where R,y = ry —r, and

F

FP (R, Qu Qp) = — 52 0 (17.4-15)
0

FP (R, 0 Qp) = — 30" @ (17.4-16)

The contribution of the intermolecular effects to the source term is given by

sP =% Jffﬁ" W s(r — R, Qp, g, Qp, )AQ, drg dQ, (17.4-17)

apv

where # * may be interpreted as the effective force on bead v of a molecule of species a with
the center of mass at r — R, due to a molecule of species § with center of mass at ry. The
right side may be written using the alternate form of the pair distribution function as

U F*(R,,) \‘Pa,,< — R+ ——— Ry Ry, 00 0, >andQ,,dRa,, (17.4-18)
aav

where the effective force is now that associated with a pair of molecules with the center of
mass of the pair at the position indicated by the first argument of the distribution function
and with the vector from o to § being R,;.

Next, we develop an alternate form of the last result. To do this we first interchange the
summation labels to obtain

Jf ‘gfﬂa (Rpa)\?ﬂa<r - Rﬂ Rﬂa: R[I(zs Qﬁ’ Qaa t>an dQﬂ dRaa (174-19)
apv

and second make use of the symmetry of the pair distribution functions. We change
the integration variable, implying integration from —® to +o in both expressions:

H Fhe(— Ra,,)"f'a,,< _Rf _ M%WRG,,,RM,,Qa,Q,,,t>andQ,,dRa,,
“’" (17.4-20)
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Finally, §® may be written as one-half the sum of'the expressions given by Egs.17.4-18
and 20,

i
32

afv

o mb
JJ“[ f%ﬂ (Rall) Taﬂ(r o Rv -+ ;HTIW Raﬂ’ szﬂv Qaw Qﬂ’ t> an dQﬂ dRaz[)

1
+§Z

o ) m*
- jj Fhe (,Raﬂ,) ‘Paﬂ<r —~ Rf — 5 Raﬁ, Raﬂ, Q. Qﬂ,t> ag, dQ,, dR,, (17.4-21)

m* -+ m

We have now completed the task of rewriting a number of macroscopic quantities (g,, p,v,,
J.» 7%, and the three contributions to ) in terms of the lower-order distribution functions
¥, and ¥,,.

One final job remains, namely that of writing $®, §®, and part of S$© a5
divergences of tensors, so that the equation of motion (Eq. 17.2-22) can be put into the
standard form given in Eq. D.6-3. This is accomplished by expanding ¥, and Wa,, about the
position coordinate r, which appears in the first independent variable of the distribution
functions; to do this we use a generalized Taylor expansion given in §E.2. It turns out that
the first term in the Taylor expansion is exactly zero for $® and $™® as may be easily seen
from the following arguments. If in Eq. 17.4-11 we replace W, (r — R, 0, ) by W (r, O, 1),
then the summation on v can be performed to give

Y FO =g (17.4-22)

v

where we have made use of Eq. 17.4-6 and the fact that ) , \/rh:bv, = {; consequently with
this replacement $® = 0. Similarly when in Eq. 17.4-21 we replace the distribution
functions by ,,(r, R, Q,, Q. 1), then the summations on v give

v

Y [%zﬂ (R,,) + Fh (~Rat,)] = F¥(R,5) + F**(—R,;) (17.4-23)

where Eq. 17.4-14 has been used. Since F** is the total force on a molecule of o exerted by a
molecule of f, it is evident that

FPa(—R ;) = —F* (R,) (17.4-24)
As a result in this approximation the two terms in Eq. 17.4-21 cancel one another and
S® =g,

Now we transform the expressions for $©, $, and §® by applying the generalized
Taylor theorem of Eq. E2-2 to ¥, and ‘T‘a,, as functions of their first variable. When this
theorem is applied to $” in Eq. 17.4-10 we find that

S© = pF© _ [V-q©] (17.4-25)
where

Fo = }l y JW ¥ (r, 0, )dQ (17.4-26)

o

1 . a
=Yy J L R, <$ FO* 4 %g@“)\{'a(r — ¢R,, Q, dE dQ (17.4-27)

4
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In the expansion of §® the first term does not vanish, and this term nF, corresponds to the
external force term in the equation of motion (}; p;g; in Eq. D.6-3).

In a similar manner one finds from Eq. 17.4-11, the expression for the contribution of
the intramolecular effects, §, that

SO = _[V-n®] (17.4-28)

where
=22 H R[FO7 ™Y (r — ER,, 0, 1) dE dQ (17.4-29)
o v o

In this case, the term analogous to F® is zero because of Eq. 17.4-22 as just discussed.
The theorem is next applied to the “two-molecule” contribution, S, as given by
Eq. 17.4-21. Again for the reasons discussed above the first term is zero and

SO = _[V-uD] (17.4-30)
Before writing the expression for n'®, however, it is convenient to use the symmetry

argument as discussed above to write the expression in the somewhat simpler unsym-
metrized form

(D) g af
=3 JIII. ( i)
m .
X ‘Paﬂ<r — ERY + s wa, R, Q. Oy > d¢dQ,dQ,dR,, (17.4-31)

We see finally that the equation of motion, Eq. 17.2-22 now can be written in the form
of Eq. D.6-3 or Eq. 1.1-8,

gz pv = —[V-pwow] — [V-r] + nF® (17.4-32)

where w is the stress tensor, which may be written as

n=n® 41 1 4 g (17.4-33)

The four contributions to the stress tensor are those associated with the molecular motion,
external forces, intramolecular potentials, and intermolecular potentials (see Fig. 17.4-1).

Finally let us write down the analogous results for the equation of continuity for
species a (cf. Eq. 17.2-12)

5P = —(Vopad) = (Vojo) (17.4-34)
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Formal
ntribution Expression Pictorial Representation Mechanism Involved
n 17.4-4 | Momentum transport acrosg

plane by motion of solvent
and polymer species (the

- o i I ibuti
- Arbitrary “kinetic” contribution).

-2 plane in
the liquid

]

a'® 17.4-27 P Jr 4 Force transmitted across plane
K4 - i because of the exertion of
i P A external forces on.the solvent
- and polymer species (the
- “external force” contribution),
L

Force transmitted across plane
®® 17.4-29 O.\o/o\«_" by intramolecular forces in a
/(\),_o—o polymer molecule straddling
the plane (the “singlet”
contribution).

Faud 17.4-31 Force transmitted across plane
because of intermolecular
forces between molecules of

- the same or different species
(the “doublet” distribution).

FIGURE 17.4-1. Contributions to the stress tensor n in Eq. 17.4-33, pictured here for a liquid
containing one solvent species and one polymer species.

in which the mass flux j, is

1 «
jaz =m, J‘u:'hp - v:u q}a("a Q7 t)dQ

4

—V-Y m, H R, [L;\p +R, - vﬂa‘{’a(i‘ — R, 0Q,0dEdQ  (17.4-35)
Y 0 P

This result is obtained by applying the generalized Taylor theorem to Eq. 17.4-3. The first
‘term in this expression may be interpreted as the product of the mass of a molecule and the
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difference between the average velocity of the center of mass and the stream velocity of the
fluid. This is the principal term. The second term is a correction which arises from the finite
extent of the molecules.

This completes the formal development of the equations of change for momentum
and mass and the derivation of integral expressions for the fluxes n and j, in terms of the
contracted distribution functions.

§17.5 EQUATIONS OF CONTINUITY FOR CONFIGURATIONAL
DISTRIBUTION FUNCTIONS

In the foregoing section, we developed integral expressions for the various contribu-
tions to the stress tensor that involve the low-order distribution functions. The next step is
the development of methods for evaluating or approximating these functions. For this
purpose we return to the general equation of change, Eq. 17.2-8, and take as the dynamical
variable of interest,

B=) B (17.5-1)

B, = 5(r* — rd(Q* — Q)5(p* — p)d(P¥ — P) (17.5-2)

From the definition in Eq. 17.3-1, it is seen that the average of this dynamical variable is a
singlet phase-space distribution function. Making use of the expression for the Liouville
operator, Eq. 17.2-4, we then find that the general equation of change, Eq. 17.2-8 becomes
for this special choice of the dynamical variable

) 1 : 0
it (e VE) PR

) (e).a )
> P s Gl 4 (1)

op

d S oo g g ol .
() sl | o

This is the equation for the time evolution of f,. The first four terms on the left of this
equation along with the portion of the last term arising from the external and intramolecu-
lar potentials would occur in the “one-molecule Liouville equation.” Setting the sum of
these terms equal to zero gives an equation that would describe the time evolution of the
singlet distribution for molecules moving independently and not interacting with any other
molecules. The remaining terms describe the effect of interactions with the other molecules
of the system. If we assume that the intermolecular potential energy @ is the sum of two-
molecule terms as given by Eq. 17.4-12, then these interaction terms may be written in terms
of the pair distribution functions. First, we find that the fifth term involves

<Z FaiBf> =2 ijfa/l(h Q, vy Qp P> P, pg, Py, 0)dry dQy dpy dPy - (17.5-4)
i B

where F* as defined by Eq. 17.4-15, is the net force on a molecule of species o due to a
molecule of species f.
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In treating the last term in Eq. 17.5-3, we again, in a manner similar to the treatment
of the source term in the equation of motion (see Egs. 17.4-5 to ), partition # ¥ into
contributions due to the effects of external, intramolecular, and intermolecular forces. Thus
we find from Eq. 17.1-24 that

<Z ﬂsf3f> = (FO + FO + FO,

i

-+ z fﬂgﬂj@("a Q7 r[la Qﬂ>P7 Papﬂv Pﬂn t)dr[,f dQﬂ dpﬂ dPﬂ (175'5)
B

where & * is the generalized force defined by Eq. 17.4-16. These terms describe the effects of
the various forces on the orientation and other internal coordinates of a molecule.

If the expressions given by Eqgs. 17.5-4 and 5 are used in Eq. 17.5-3, we obtain an
equation for the time evolution of the singlet distribution function. This equation, however,
involves the pair distribution functions and hence cannot be solved without a knowledge of
these functions. This type of problem is typical of statistical treatments of non-equilibrium
systems, and a “truncation” scheme is usually resorted to in order to obtain a “closed” set
of equations. In the present treatment three major approximations are introduced to
accomplish this truncation. One of these is the “short range force” approximation which we
use to reduce the problem to one in the phase space of a single molecule (see §18.1 and
Eq. 18.1-4); the second is an approximation, resembling Stokes’ law for the average force on
a bead (see §18.2, Eq. 18.2-1, and §19.2, Eq. 19.1-4); and the third is an approximation
concerning the momentum dependence of the singlet distribution function which leads to an
expression for the “Brownian” forces and further reduces the problem to onc in the
configuration space of a single molecule (see §§18.3 and 19.2).

When the differential equation, Eq. 17.5-3, for the singlet phase-space distribution
function is integrated over all of the momentum coordinates, we obtain the equation of
continuity for the configuration-space distribution function

3 1 ) 8 .
P Y, + e V-([p]"¥,) + g;aQs (Gu[P]¥,) =0 (17.5-6)

In doing the integration the terms involving the pair distribution function drop out.

Another set of equations may be obtained from Eq. 17.5-3 by first multiplying by P,
and then integrating over all the momenta. This procedure gives the equations of motion for
the internal coordinates of a polymer molecule

0 1
P ([PJ"Y,) + — V- ([pP"¥,) = (FO* + FP* 4 F O 1 7MY, (17.5-T)
m

where

1 0
Fo = [FIF - T

5 (0PI (17:5-8)

FWr = Z J-J-'/ﬂ:m{l“”(r’ Q, rg. Qp. 1) dr,, dQ, (17.5-9)
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TABLE 17.5-1

Generalized Forces

Defining Defining
Symbol Equation Expression | Symbol Equation Expression
FP 17.1-20 Fo 17.5-8 [FO1 + -
F® 17.1-21 _ o ¢ FW® 17.1-21 _ ¢
’ 90, ’ ' 0Q;
FO 17.1-22 _ 0 ¢ F 17.1-22 2 o
: 20, s ' %0,
~ 1 R
FD 17.1-23 Lo W 17.5-9 T U F IV iy dQ,
E}Qs qj“ B

The quantity Z®* is a generalized force associated with Brownian forces, and #{"* is
related to the hydrodynamic forces. The generalized forces appearing in Eq. 17.5-7 arc
summarized in Table 17.5-1.

A similar set of equations associated with the motion of the center of mass of a
molecule may be obtained by first multiplying Eq. 17.5-3 by p and integrating over the
momenta. Before writing this equation, however, we define a force F®* which may be
interpreted as the total hydrodynamic force on a molecule of species o, as

: .
Fme S y J-J-Fall\paﬂ(,.’ Q, vy, Q. )dry dQ, (17.5-10)
where
N =Y x,N, (17.5-11)
n
X, = e (17.5-12)
2y

In this definition we have introduced! the average number, N, of beads per molecule
(including the solvent, if any) in terms of the number of beads, N, making up a molecule of
species «, and the mole fraction, x,, of this species. With these definitions we find from
Eq. 17.5-3 that the equation of motion for the centers of mass of molecules of species o is

L) + V-l + T ) GulPal) = (FO 4 NFO, (17513

! In later developments we approximate F*° by a Stokes’ law type of expression involving a friction coefficient. It
should be emphasized that the introduction of N at this point along with the physical interpretation of the friction
coefficient leads directly to D, occ M2 for the diffusion of a solute in a dilute solution with hydrodynamic
interaction, D,, oc M ™! for solutions with no hydrodynamic interaction, and D,, oc M~ ? for self diffusion in an
undiluted polymer (see §§18.4 and 19.4). Note also that N is introduced in an analogous fashion in Eq. 18.1-8 for
the hydrodynamic force F®* on a single bead v, and this plays a crucial role in the description of the
molecular-weight dependence of the rheological properties of polymer melts (see Example 19.6-1).
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The equation of motion discussed in §17.2 results from integrating this equation over the
configuration coordinates Q, and summing the equations over the species index a.

Equations 17.5-6 (equation of continuity for W), 17.5-7 (equation of internal
motion), and 17.5-13 (equation of center-of-mass motion) are key equations in the kinetic
theory. Up to this point these equations are free from assumptions, but somewhat too
general for most purposes. We now show that the introduction of a small number of minor
assumptions simplifies the equations considerably. It is these slightly less rigorous equa-
tions that we use in subsequent chapters; in addition they are written in forms reminiscent
of the equations given in Chapters 13-16.

It is to be cxpected that the distribution function, f,, varies slowly with the
position variable, r, and that this variation over distances of the order of molecular
dimensions may be neglected. This approximation allows us to neglect the second term in
the equation of continuity, Eq. 17.5-6, and write the equation of continuity for ¥, as

= - Z (Gsz{[P:ﬂ“‘*’ )

= Z (HQ J¥,) (17.5-14)

Once an expression is introduced for the momentum space averages, [P,]* or [Q,]* this
equation becomes the “diffusion” equation for the distribution function.

The terms on the left of the equation of motion, Eq. 17.5-7 may be interpreted as
“acceleration terms” and those on the right as force terms. If we neglect the acceleration
terms, as we have done in Chapters 13-16, then the equation of motion becomes a simple
generalized force balance

FEp FO oy FO g g = (17.5-15)

The first two terms are related to the external and intramolecular or “connector” forces

and, as previously mentioned, #®* and #®* are related to the Brownian and hydrody-

namic forces. The manner in which these generalized forces are related to those introduced

in §17.1 in the discussion of the Liouville equation is summarized in Table 17.5-1.
Equation 17.5-13 may be written in a form analogous to Eq. 17.5-7,

ma[—a%' (v‘{laz) +V .(vv‘{la)] + (7;% (l[p - mav}]aqla) +V (vﬂp - mav]]m{la)

+ Ve([p — m*o]v¥,) = (NF®* + F®= 4 FOHg - (17.5-16)

where

1
FoOr = p — m*o)(p — mv)*Y,) — - Z — (G, [Pp]"¥Y,) (17.5-17)

(Z R aQS

is interpreted as the total Brownian force on a molecule. The first term on the left .of
Eq. 17.5-16 is an acceleration term which we neglect; if, in addition, we neglect those terms
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which contain the momentum-space average of the linear expression (p — mv), then this
equation also reduces to a force balance,

NF®z  pow | pex _ g {17.5-18)

involving the total forces on a molecule: the hydrodynamic force F®* (Eq. 17.5-10), the
Brownian force F®* (17.5-17) and the external force F©* (Eq. 17.1-18). The neglect of the
terms containing [ p — m®v]® is possible if f, is an even function of p — m®v, as is indeed true
at equilibrium; the validity of this assumption away from equilibrium needs further
investigation.

§17.6 SIMPLIFIED EXPRESSIONS FOR THE STRESS TENSOR AND
THE MASS FLUX

Now that we have simplified the equations of continuity and motion, the next task is
to introduce some minor simplifications in the expressions for the contributions to the stress
tensor: n®, 1@ 7™ and a'® In the arguments of the distribution functions we make the
following simplifications:

In Eq. 17.4-4: replace » — R, by r
In Eq. 17.4-27 and 29: replace r — ER, by r
In Eq. 17.4-31: replace r — ER, + [mP/(m* + m*)]ER by r

These approximations correspond to expanding the distribution functions about r, using
the generalized Taylor theorem in Eq. E.2-2, and neglecting all higher order terms, which
would contain spatial gradients. From a molecular point of view this corresponds to
neglecting the variation of ¥, and ‘T’a,, over distances comparable to molecular dimensions.

When one makes the above assumptions, the stress tensor contributions can be
simplified as follows:

=3 me jl[(;;ap + R, — v><;}t;p + R, — vﬁa‘{’a(;’, Q, 1)dQ (17.6-1)

9 =3 | R, FY (r, Q, )dQ (17.6-2)
n® =Y | R[FOTY(r, Q, 1) dQ (17.6-3)

a®= 1 Z jff RF“"@M,(;’, R, Q,, 04, 1)dQ,dQy dR
ap

\ﬁﬂf FLCLR, Y oy(r, R, Qo Oy, )40, dQy dR  (17.6-4)
azﬂvst
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In the first term of the expression for n'”, we have made use of the symmetry of the pair
distribution function in a manner similar to that used in the discussion of n'? in §17.4 to
replace the factor mf/(m* + m*) by simply 1.

We now show how the above contributions can be combined with the result that
some cancellations occur, and then a remarkably simple expression for the stress tensor
emerges. In the development it is convenient to introduce the effective forces defined on the
right side of Table 17.6-1; since the effective forces %4 are all related to the generalized
forces Z¢ -7 in the same way, their use should cause no confusion. We start by rewriting the
kinetic contribution, Eq. 17.6-1, as the sum of two terms:

= m + 3 m JERVRV]]“*Q(": 0, 1)dQ (17.6-5)

ay

-4 ! e l, _ * N
T, = % m Jl{(mal) v><map v)ﬂ ¥ (r, 0, 1)dO (17.6-6)

The first term on the right side of Eq. 17.6-5 describes the effect of the Brownian motion of
the centers of mass of the molecules and the second that due to the motion of the beads
relative to center of mass of the molecule.

Next let us consider the term in the expression for n'®), as given by Eq. 17.6-3,
resulting from the last term in the expression for #%), Eq. 17.4-6. This term may be written
by performing an integration by parts:

il

-3 e [ L2 R0.pIw 0 0.0 Gur do
2V [ lao

if

-2 Jbiu [0, P]"¥.(r, Q. DG b, dOQ

avstu

- ¥ J Rv{ag [0.P,]"¥.(r. 0, t)}c‘:,b:, dQ (17.67)

The term in the next to last line of the last equation differs from the second term in the
expression for n®, Eq. 17.6-5, only in the sign and hence cancels this term. It is then
convenient to combine the last term in Eq. 17.6-7 with n®® (as given by Eq. 17.6-3). This then
gives for the sum of the two contributions to the stress tensor:

4 19 =gm + Y | R(F P+ FON (r, Q, 1)dQ (17.6-8)

av

Next, one returns to Eq. 17.5-9, which defines # ") rewrites the integral in terms of ‘T’aﬁ and
approximates P ,(r + 3R, R, 1) by P ,,(r, R, ). Then, in the second term in n'”), as given in
Eq. 17.6-4, ¥, can be eliminated in favor of ¥, by means of Eq. 17.5-9; in the process Z ™
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TABLE 17.6-1

Generalized and Effective Forces

Defining Defining
Symbol Equation Expression Symbol Equation
F» 17.5-8 FW Jm, Y FOGb,
st
0 .
FW 17.1-21 ~a20.* F»  m Y FPGCb,
s st
F© 17.1-22 - (—(7 ¢ FE Jm Y FEGb,,
aom st
L ¢ b 7 (h
F 1759 G L || TPy dn dQy | mo /m T FPCb,
a f st

appears, and this scalar force can be expressed in terms of the vector force #®* according
to Table 17.6-1. These substitutions then enable us to rewrite the second term in 7' as

| RF P (r, 0, )dQ (17.6-9)

This has the same form as the integrals in Eq. 17.6-2 and 8.
Finally we note that the generalized force balance in Eq. 17.5-15 can be written,
using Table 17.6-1, as an effective force balance

FOrp FO . O gz _ () (17.6-10)

When we now add together the various contributions to the stress tensor (Egs. 17.6-8,
17.6-2, 17.6-9, and the first term in Eq. 17.6-4) and use the force balance, we obtain the
following extraordinarily simple expression for the stress tensor of a polymeric liquid:*

n=m — 1) ij RF“”‘T’al,(r, R, Q,, 0, dQ,dQ,dR (17.6-11)
af

The first term, which is given by Eq. 17.6-6, is the kinetic contribution (i.e., the effect of the
Brownian motion of the centers of mass of the molecules). The second term describes the
effects of the net intermolecular forces between the centers of mass of the molecules. The
evaluation of this term requires a knowledge of the pair distribution functions ‘T’a,,.

! This equation seems to be a generalization of Eq. 5.15 of J. H. Irving and J. G. Kirkwood, J. Chem. Phys., 18,
817-829 (1950); see also M. Fixman, J. Chem. Phys., 42, 3831-3837 (1965).
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We conclude by pointing out that the mass flux j, can be simplified in a manner
analogous to the treatment of the contributions to = in Egs. 17.6-1 to 4. From Eq. 17.4-35
we obtain

je=m, f [L%— p— v]a%(r, 0,040 — V-3 m, J RIRJ™ (s, 0, )0

(17.6-12)

It is shown in the next two chapters that the first term is the principal contribution, linear in
the concentration gradient and the external force.

PROBLEMS
17B.1 Effective Forces in Models with No Constraints

Show that for a molecular model with no constraints each of the effective forces listed in Table
17.4-1 is the negative of the derivative of a potential (that is, a true force).

178.2 Metric Matrix of a Special Two-Needle Model

Show that the metric matrix, g,,, of the “two-needle” molecular model described in Example
17.1-1 with @ = % is identical to the metric matrix of the three-bead, two-rod model described in
Example 12.1-1, if the needles are idealized as mass points separated by massless rods.

17C.1 Three-Bead Models
Develop explicit expressions for each of the forces listed in Table 17.4-1 for the two related

molecular models: (a) the three-bead, two-spring model (see Example 12.1-2) and (b) the three-bead,
two-rod model (see Example 12.1-1).



CHAPTER 18

PHASE-SPACE THEORY FOR
DILUTE SOLUTIONS

In the foregoing chapter we obtained the five major results listed at the left of Fig. 18.0-1.
These key equations, which are all obtained from a common source (the general cquation of
change), contain only the minor assumptions listed in the opening paragraph of Chapter 17.
However, in order to evaluate various quantitics appearing in these general results we
would have to know not only the configurational distribution function ¥, for a single
molecule, but also the pair distribution function '¥,; and the single-molecule phase-space
distribution function f, (needed for the calculation of the |  ]-averages). If we can avoid the
necessity of obtaining ¥, and f,, considerable simplification ensues, and the theoretical
results are more easily applied. This chapter is devoted primarily to the introduction of
three major approximations, which wc believe to be appropriate for dilute polymer
solutions, that do indeed eliminate ‘¥, and f, from further consideration. These approxima-
tions arc:

1. The short-range force approximation, which states that the only non-negligible
contributions from the intermolecular forces are those occuring when “beads”
belonging to two different molecules are in very close proximity. We feel that
this approximation is quite reasonable.

2. The Stokes’ law empiricism for the hydrodynamic drag on a bead (or some
modification of this linear relation between the drag force and the bead
velocity); this assumption may be less defensible but, as we have seen in
Chapters 13-16, it has been used in all of the theories discussed so far. The
version of Stokes’ law introduced here includes the possibility of a tensor
friction cocfhcient.

3. The equilibration-in-momentum-space approximation, which has also been used
in the earlier developments and which leads to the standard results for the
terms ascribed to Brownian motion; very little has been done to cxplore
deviations from the Maxwellian velocity distribution.

These three major approximations are discussed in the above order in §18.1, 2, and 3
respectively; their roles in the theoretical developments are made clear in Fig. 18.0-1. In the
treatment of undiluted polymers discussed in Chapter 19 the short-range force approxima-
tion as discussed in this chapter is used, but a different form of the Stokes’ law empiricism is
introduced (see §19.1) and the assumption of equilibration-in-momentum-space is replaced
by an approximation describing “reptation” (see §19.2).

27%
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The first three sections of this chapter are written in such a way that a variety of
physical ideas are included:

Hydrodynamic interaction.

Finite beads.

Constraints.

External forces.

Noun-isotropic friction tensors in the Stokes’ law relation.
Beads with different masses and friction tensors.

This means that the results given in §§18.1-3 can provide the description of a variety of
different “models” of polymeric fluids. We have in these equations the starting point for
studying the effects of hydrodynamic intcraction or anisotropic Brownian motion; bead-
spring models with no constraints or bead-rod models with constraints; models with
structureless beads or models with finite beads; models with all beads alike or with beads
that may have different masses and friction cocfficients. Many of the models that can be
generated have yet to be explored.

In the last section of this chapter, §18.4, we summarize certain key results for the
kinetic theory of dilute solutions: the diffusion equation for W,; the stress tensor n; and the
mass flux j, and the translational diffusivity Df,. We also point out connections with
Chapter 16 and other earlier chapters.

§18.1 THE SHORT-RANGE FORCE APPROXIMATION

The first major approximation of the development is made as a first step towards
eliminating the need for the pair distribution function and thereby reduces the problem
to one in the phase space of a single molecule. For this purpose we first assume that the
potential energy of a pair of molecules is the sum of the potential energies associated with
pairs of beads on different molecules

oI =YY &% (18.1-1)
vop

Then the force between the centers of mass, introduced in Eq. 17.4-15, is a similar sum

F =YY F (18.1-2)

voOH

FIGURE 18.0-1. “Flow chart” for Chapter 18 showing how the key results are obtained from
Chapter 17.

MAJOR APPROXIMATIONS SIMPLIFICATION OF MODEL

1. Short-range force NoHI ~no hydrodynamic interaction
approximation No Cons.- no constraints

2. Modified Stokes® law SB —structureless beads
empiricism {~--scalar friction coefficient

3. Equilibration in m --all beads have same mass

momentum space
approximation
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where

0

Fif= — b';,,‘bfﬁ (18.1-3)

is the contribution to the force on the center of mass of a molecule of species o« due to the

force on bead v arising from bead p on a molecule of species . This force depends on the

vector between the centers of mass of the two beads av and fu as well as any additional
coordinates that may be required to specify the orientation of the finite beads.

According to the short-range force approximation the force F:fl is small unless the

beads v (of molecule o) and y (of molecule ) are very close to one another (see Fig, 18.1-1),

Thus, as an approximation in the integral of the second term of the expression for the stress

A,

tensor ©t (Eq. 17.6-11), we can say that F35 is zero unless
R=R— R (18.1-4)

so that

n=m—1Y f”(k: — ROFLY,(r, R, Q,, 0y, dQ, dQ, dR (18.1-5)

afivu

It then follows from the symmetry of the pair distribution function (§17.3) that

LEE DY Jij%F:”@aﬂ(r, R, Q.. 04, 6)dQ,dQ, dR (18.1-6)
afv

where

F# =% F# (18.1-7)

u

is the force on the center of mass of a molecule of species « due to forces on bead v arising
from interactions with a molecule of species, f.

Center of
mass of
molecule 8

Center of
mass of
molecule o

FIGURE 18.1-1. Bead v of molecule o and bead y of molecule § are located at the same point in
space, so that R = R} — RY.
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Next, by analogy with the definition of F®=* given in Eq. 17.5-10 we define the
hydrodynamic force on bead v of molecule « by

1 - ~
Fos = FP®_(r, R Q,, 0, 1)l0Q, dR (18.1-8)
Ny / o

in which N = ) x,N_is the average number of beads per molecule in the mixture with mole
fractions x, (Eq. 17.5-11). From this definition and Egs. 18.1-2 and 7, it follows that the total
hydrodynamic force on a molecule is:

Fo =y fibs (18.1-9)

The definitions of hydrodynamic forces are summarized in Table 18.1-1.
With the definition of F®* above we can rewrite the expression for the stress tensor,
Eq. 18.1-6, as:

n=mn,—~ NY | RFOW (v, 0, )dQ (18.1-10)

where m, is given by Eq. 17.6-6. In this form the single-molecule distribution function ¥,
appears explicitly. Of course, the pair distribution function ¥, s is contained in the definition
of F*; however, in the next section, after we introduce an empirical expression for F®#_ the
pair distribution function no longer appears in any of the working equations. In addition we
point out that Eq. 18.1-10 is a generalization of Egs. 13.3-16 (elastic dumbbelis) and 15.2-2
(bead-spring chains).

TABLE 18.1-1

Hydrodynamic Forces

Defining Defining
ymbol Equation Expression Symbol Equation Expression
P 1
17.4-16 - o A 17.59 ng Wy dryp d
GQ‘: s 7 \{‘a Z s B
i N R VAN WIE L I N D 1 Y Y
m st T s
18.1-3 0 1 3
— (ha R - Fop d
181—7 %( ara vu> Fv 18.1-8 N\’Pa%J‘J\ v af Qﬁ
-3 F
"
0
17.4-15 — 5 O =L FY s 17.5-10 LFD:
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We conclude this section by developing formulas for the generalized and effective
forces that are needed in subsequent developments. The hydrodynamic force F¥* can be
related to the generalized hydrodynamic force # 7 of Eq. 17.5-9. To show this, we return to
the definition of % in Eq. 17.4-16 and introduce the restriction to pairwise additive forces
between beads, Eq. 18.1-1. We then find that

/,fa[} . a/}
23 s %

|
:ZZJ“ o FU) 4+ Y b, T (18.1-11)
vonu

m‘ vio

where

0
TS = — i 18.1-12
It (7(1fo v ( )

The second term is associated with the effects of the orientation coordinates of a finite bead.
If this expression is used in the definition of the generalized hydrodynamic force, Eq. 17.5-9,
one finds that

(bvs FO) + N Z by TS (18.1-13)

where

-~

fjjvua af (i" R Qa» Q/hl)dQ[j dR (181'14)

One then finds from Table 17.6-1 that the cffective hydrodynamic force is

sty

L 1
=N./m,Y G.b, [ ,,,,,,,,,,, (b  F?) + Y bm,ﬂ}[‘,,] (18.1-15)
m o

Only in special situations however, is it possible--even in principle—to solve this set of
equations and express the F" in terms of the #{"; the following cxample illustrates this
point. Note that Egs. 18.1-13 and 15, simplified for structureless beads, appear in Eq. A of
Table 16.1-3.

EXAMPLE 18.1-1 The Stress Tensor for Models with Structureless Beads and No
Constraints

If the molecular model is made up of beads which are mass points, and if there are no
constraints in the model, Eq. 18.1-15 may be solved for the hydrodynamic forces, F¥. Obtain this
solution and use it to obtain an alternative expression for the stress tensor applicable to this restricted
molecular model.
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SOLUTION For structureless beads 7% = 0, and for models with no constraints Eq. 12D.3-5

1

applies. This enables us to simplify Eq. 18.1-15 to

! i
poo =™ po o (18.1-16)
m N

4

One then finds from Eq. 18.1-10 that

n=m - Y | R FPY (v, 0, )dQ (18.1-17)
1t then follows from the force balance, Eq. 17.6-10, that

m=m o+ ) | BT+ T+ FON L, 0, 04Q

av

=m + 3 | R, (FO 4 FO* 4 FONY (v O 1)dQ (18.1-18)

This result should be compared with Egs. 16.3-16, 15.2-1, and 13.3-14. In §18.4 we obtain a
generalization of this result for less restricted models (see Eq. 18.4-4).

§18.2 MODIFIED STOKES’ LAW EMPIRICISMS FOR THE
HYDRODYNAMIC FORCES

We begin this section with the introduction of the second major approximation in
the development—an approximation which resembles Stokes’ law for the force on a sphere
moving through a fluid (see Example 1.4-1). We follow the tradition of the older kinetic
theories and assume that the hydrodynamic force F®= on bead v depends linearly on the
difference between the statistically averaged velocity of the bead, [%]% and the local velocity
of the continuum background at the position of the bead, v(¥%) + v'(r?); here v is the
mass-averaged velocity imposed on the fluid mixture by external forces and bounding
surfaces, and v is the perturbation of this velocity field by hydrodynamic interaction (if it is
desired to include this effect in dilute solution modeling). In writing this linear relation we
allow the coeflicient of proportionality to be a tensor, %, which we call the friction tensor,
and it may be different for different beads; a non-isotropic tensor coefficient is particularly
appropriate when finite, nonspherical beads are used in the modeling. Hence we write:

F* = =g [[F]" — o(rf) — v'(r})] (18.2-1)

Whereas Stokes’ law in classical fluid-dynamics is derived from the creeping flow equations
of motion for a sphere moving at constant velocity through a quiescent Newtonian fluid,
Eq. 18.2-1 is set forth as an empirical conjecture to describe the resistance encountered by a
portion of a macromolecule as it moves about in an irregular way among the various
solvent and solute molecules in the liquid. Note that Eq. 18.2-1 is the same as Eq. 13.2-2.

In dilute solutions it is customary to account for hydrodynamic interactions as we
have done earlier (see §§13.6, 14.6, 15.4, and 16.1) by writing

V() = — Z Q- Fﬂ""] (18.2-2)
u
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in terms of the matrix of hydrodynamic interaction tensors €25, ; the quantity v'(#) describes
the perturbation of the velocity field due to the motion of the other beads of the same
molecule. In dilute solutions hydrodynamic interaction involving beads on other molecules
is neglected. We do not specify, here, the form of £2] , but point out that the Oseen-Burgers
and Rotne-Prager-Yamakawa expressions have been used in earlier chapters (see §813.6,
14.6, 15.4).

The velocity »(#%) appearing in Eq. 18.2-1 may be expanded in a Taylor series about
the center of mass. If we keep only the first two terms we get:

v(ry) = o(r") + [k R7] (18.2-3)

where ¥ = (Vo) is the transpose of the velocity gradient evaluated at the center of mass of
the molecule of species a. The use of Eq. 18.2-3 is the same as the restriction to homogeneous
flow, which was used throughout Chapters 13-16.

The main task of this section is to use Eq. 18.2-1 to obtain an expression for [ Q%]
(Eq. 18.2-43) that can be substituted into Eq. 17.5-14 to obtain the diffusion equation,
Eq. 18.2-44. The derivation is rather long and tedious, because we wish to retain the
capability of including hydrodynamic interaction (using Eq. 18.2-2), and/or a tensorial
friction coeflicient (L% in Eq. 18.2-1), and/or different friction coefficients for each bead.
Before embarking on the derivation, it is useful to define some additional tensors, closely
related to those used in §15.4 and §16.1.

As in §15.4 we use the matrix of tensors Y, , which we call the dimensionless diffusion
tensors’

Y, =0,0+1{0,-Q,} (18.2-4)
Next, we define? the matrix of dimensionless mobility tensors B,, by

2B, Y} =0,,0 (18.2-5)
I3

and the matrix of effective friction tensors ¢, by
gvu = {Bvu . g‘l} (182_6)
Finally we define a set of weight tensors ., (a generalization of the [, of §15.4) by

A={Z7"3 (.} (18.2-7)

~ ! is the tensor inverse to the total effective friction tensor

2=YY¢, (18.2-8)

where Z,

The definition of the A, insures that ) /A, = &. These tensors are encountered again in the
discussion of translational diffusion in §18.4.

! These tensors are closely related to the diffusion tensors used by J. G. Kirkwood [Rec. Trav. Chim., 68, 649-660
(1949), Eq. 14]; see also J. J. Erpenbeck and J. G. Kirkwood, J. Chem. Phys., 38, 1023 -1024 (1963).
2 See Problem 18B.1 for a proof that this may be done.
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It is convenient to require that the [riction tensors be symmetric
=g (18.2-9)
and to take the hydrodynamic interaction tensors to have the related property that
Q) =0, {18.2-10)

The Oseen- Burgers tensors (Eq. 15.4-3) and the Rotne-Prager -Yamakawa tensors (Eq.
14.6-2) both have this property. With these restrictions it may be shown that

Ore = G (18.2-11)

It may further be shown from Egs. 18.2-7 and 8 that

72t =17 (18.2-12)
A = (Z gw>~zl (18.2-13)
"

These relations, which follow from the assumed symmetry of {,, lead to considerable
simplification of a number of the relations developed in this section.

When the expressions for v and v’ (Egs. 18.2-2 and 3) are inserted into Eq. 18.2-1, and
when the hydrodynamic force terms are all collected together on the left side, this equation
becomes

Z {Yvu'Fizh)} = _gv. [[[rcﬂ - U(i‘c) + H:Rv]] - K'Rv] (182'14)

u

Then with the definitions of the dimensionless mobility tensors and the effective friction
tensors, Eq. 18.2-14 can be solved for the hydrodynamic force on bead v:

FP == Y0l = o) + [R]—x-R] (18.2-15)

Therefore the total hydrodynamic force on a molecule, F® =% F_ is

FO = —Z-[[i] — o) + X 0 [[R] — xR (18.2-16)

We can now use the force balance in Eq. 17.5-18 and solve for the “drift velocity”
[7.] — v(r,) to get

[#] — o) = ]% (275 (F + F) =Y b ([R] ~ [x-RD]  (182-17)

where F® is the total Brownian force on a molecule, given by Eq. 17.5-17. This equation
may be rearranged into the form

Y]] = o) + [ker ] =D [ ker] = ;v [Z~'-(F® + F@)] (18.2-18)
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In this form the equation may be compared with Eq. 15.4-16. If there are no concentration
gradients, so that the total Brownian force F® is zero, and if the total external force F© ig
zero, then the right side of Eq. 18.2-18 is zero. If, in addition, the £, are isotropic, and if the
hydrodynamic interaction tensors £2,, are equilibrium averaged (and hence isotropic), then
the A, are isotropic, and it follows that the quantity Y, [A,-r,] is convected with the fluid;
that is, in the notation of Eq. 15.4-16, we have Y, [A, - [#,]]1 = vo + ®- Y, [A,"#,]. Thus we
see that, with the restrictions just cited, the quantity ) , [A,-#,] is the hydrodynamic center
of resistance r, = » I, r,, and the weight tensors A, are generalizations of the [,.

Making use of Eq. 18.2-17, we may rewrite the expression for the hydrodynamic
force, Eq. 18.2-15, in the form

- . 1
FP = = N8, [R] — xR~ < W (F + F)] (18.2-19)
i
where the &m are the modified effective friction tensors

gvu = gvu - {(Z g"ﬂ>‘)“u} = Cw — {)\.I VA )“u} (]8,2-2())

In going to the second form of the last expression, we have made use of Eq. 18.2-13. It is to
be noted from the last relation that

(Lo}
=
<

(18.2-21)

4
>E,.=0 (18.2-22)

Then making use of Eq. 18.2-13 again, along with the definition of the base vectors b, w
find that

FO = = % [0 5] + X [x RT] — 1 [M-(F + FO)) (18229

/m

This is the expression for F® in terms of the [Q,]. Next we obtain the effective
hydrodynamic force #® in terms of the [(,] and then solve for the latter. For this purpose;
we return to the expression for %™ as given by Eq. 18.1-13, and consider the term on the
right involving the force F®, From Eq. 18.2-23, we find that

Nzﬁ-z(b cF®y = — Zq 10.] + MPix) — (18.2-24)
v Jm,
where
ge = NZ ,,,,, (b, 8., b0 (18.2-25)
m, m
M = NZ — {R,b,,-C,} (18.2-26)

J v

(x b (F® + F©y) (18.2-27)
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The Brownian force F® was defined in Eq. 17.5-17; in the absence of hydrodynamic
interaction #® 9 is zero.

The second term in the expression for the hydrodynamic force # (", as given by Eq.
18.1-13, depends on the model used for the finite beads. As an example of a finite bead we
consider a cylindrically symmetric body. The potential field acting on such a body does not
involve the angle associated with rotation about the symmetry axis and one may use as two
of the coordinates, ¢,,, the polar angles ¢,, = 0, and q,, = ¢, describing the unit vector, u,,
along the symmetry axis. The averages, T¢*, defined by Eqgs. 18.1-12 and 14, may then be
written

TR 0 (18.2-28)
5,
where
1 -
o= S ©% ¥ (v, R, Q,, Q. 0)dQ, dR (18.2-29)
Ny, & "

is an average potential due to interactions with the surrounding molecules. These
derivatives are closely related to the torque on the bead.

The torque on a cylindrical bead oriented in the direction # in an external potential
@ 1s given by

0
T= {u X - CD] (18.2-30)
ou
Thus, one finds from Eq. 18.2-28 that if the finite bead is modeled as a cylindrical body,
T® = (2, T, T#H = —sin 0, (s,- T™) (18.2-31)
where T% is an average torque on the bead due to the surrounding molecules.
Brenner® has shown that the hydrodynamic torque on a cylindrically symmetric
body with “fore-aft” symmetry is
TV = &, (Lu, x [4,]] = 5[V x o)) + &, [u, x [u,-]] (18.2-32)
where
E =¢uu, +&,,(8 —uu) (18.2-33)
and ¢, ¢, ,, &, are three scalar constants, the rotational friction coefficients. By combining

this expression with Eq. 18.2-31, one finds that the second term in the expression for " as
given by Eq. 18.1-13 becomes

N vaas Tiﬁr) = —1\7 Z évi(bvlsn:év:ﬂ -+ vas (Sil’l Ov)z [¢vﬂ)

-+ %N Z z bvascvauv:{évlm -+ EV’Y} (182'34)

3 H. Brenner, Int. J. Multiphase Flow, 1, 195 341 (1974).
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Then using Eq. 17.1-8 for the §,,, one finds that this equation may be written in a form
similar to Eq. 18.2-24

NY Y by TW = = Y G2 [0] + (MP:x) (18.2-35)
where
§7 = NY & [bysbyy + (5in 0,)°b 5,5, (18.2-36)
M = 3N DX Lb(une, — €n)
+INY Y &b, (ue,, + ¢ on) (18.2-37)

We will assume that even if the finite beads are modeled as more general rigid bodies the
expression may be written in the form of Eq. 18.2-35, with more general expressions for {2
and M.

When Eqgs. 18.2-24 and 35 are used in Eq. 18.1-13 one finds that

- Z dal0 + M) — F & (18.2-38)

where
g = 4% + 4% (18.2-39)
= M + M{® (18.2-40)

To solve these equations for the [Q,], we introduce a matrix with elements, G,, which is the
inverse of the §, matrix

Z Gstgtu = 5514 (182”41)
t

In terms of this matrix,

[0, = Z Gy (M%) — FP + F () (18.2-42)

The effective force balance, Eq. 17.5-15, may then be used to rewrite this as
[0] =Y CG(F© + FP + FO + FEO 4 (M,:k)) (18.2-43)
t
Thus, we see that the generalized velocities are given by expressions involving sums of five

generalized forces.
The last result may be used in the equation of continuity, Eq. 17.5-14, to give

6t — [Gs,(g»'gﬂ + FO + FO+ FEO 4+ (Mpax)V,] =0 (18.2-44)



PHASE-SPACE THEORY FOR DILUTE SOLUTIORNS 291

After the expression for the generalized Brownian force # has been inserted into this
equation, we have the second-order partial differential equation for ¥, known as the
diffusion equation.

§18.3 POSSIBLE APPROXIMATIONS FOR THE BROWNIAN
FORCES

The third major approximation in the development reduces the problem from one in
the phase space of a single molecule to one in the configuration space only. This is an
approximation for the momentum dependence of the distribution function, which enters
into the evaluation of the generalized Brownian forces. The expression for the generalized
Brownian force given by Eq. 17.5-8 may be rearranged to give

1 0 0
gy — LN _1 — -
‘/s \I’a %: aQu (Gtuﬂ:PtPs:ﬂq}a) 2 % [[Ptpuﬁ<(f)Qs Gtu> (183 1)

The total Brownian force on a molecule is given by Eq. 17.5-17.

We consider three different assumptions for evaluating the [ ] quantities in the
Brownian force expression:

a. The assumption of equilibration in momentum space; this can be written down at
once for any kind of model. It is this assumption that has heretofore been used universally
for dilute solutions in all of the publications by Kirkwood, Zimm, Rouse, and others.

b. The assumption that f, is an even function of ¥, — v and independent of r.. This
assumption is used only for models with structureless beads and no constraints. It has been
used to get the expression given in Eq. 13.2-3, which, in turn, has been used in studies on
nonisotropic Brownian motion® (see §13.7) and studies on velocity distributions that are
Maxwellian about the bead velocities rather than about the center of mass velocity of the
bead-spring model.?

¢. The assumption of reptational motion, which is used in the kinetic theory of
concentrated polymer solutions and undiluted polymers; the discussion of this assumption
is postponed until §19.2.

In this section we discuss the consequences of assumptions (a) and (b).

a. Equilibration in Momentum Space

If one assumes that the momentum dependence of the distribution function is that
characteristic of equilibrium, then

[P.P] =kT gy (18.3-2)
[(pc — myv)(p. — m,v)] = m,kT & (18.3-3)
[P,p]=0 (18.3-4)

! R. B. Bird and J. R. DeAguiar, J. Non-Newtonian Fluid Mech., 13, 149-160 (1983); R. B. Bird and J. M. Wiest,
J. Rheol., 29, 519-532 (1985).

2R. B. Bird, X. J. Fan, and C. F. Curtiss, J. Non-Newtonian Fluid Mech., 15, 85-92 (1984); errata: in Eq. 4.7,
change 6 to 12, and in Eq. 4.9 change % to 4.
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In connection with Eq. 18.3-2, see Example 12.4-1. If one uses these relations, one finds?
from Eq. 18.3-1 that the generalized Brownian force associated with the s-degree of freedom
is

eggb): — kT - 1p —2 (18.3-5)

and from Eq. 17.5-17, that the total Brownian force on the entire polymer molecule is
FO = kT VinW¥, (18.3-6)

It is these expressions that have traditionally been used in polymer kinetic theory. That is,
we ignore the influence of the flow field on the velocity distribution.

b. Special Results for Structureless Beads and No Internal Constraints

Equation 18.3-1 for the generalized Brownian force may be written as follows:

F® — Y J/m, b

zZ vt N aQt B:R Qtn

1

- ‘P; v%z ves 5Qt (qv ot {[qut:ﬂ‘P )

+2 ) <7Q 9, ﬂ>{[qnqw&} (18.3-7)
vatr 5
In this form, approximations other than the equilibration approximation may be intro-
duced for the momentum averages of the products of the timc derivatives. It should be
noted, however, that any approximation which does not reduce at equilibrium, that is, in
the absence of a flow field, to the results just given in §18.3a, cannot be correct in this limit.
We now restrict the discussion to models with structureless beads, so that the last
two terms in Eq. 18.3-7 can be discarded. Then using the defining equation for #® in Table
17.6-1 we obtain

1 .
g;(vb) = T w Z \/mvm Gyb,, us (HQuRuﬂ\y (18'3—8)

‘Pa pstu . aQu
For models with no constraints Eq. 12D.3-5 allows us to simplify this result to

Fo— Z

¥ 250, ([O,R,]¥,) (18.3-9)

*In obtaining this result we use the standard result that, since the matrices (g,,) and (G,,) are inverse to one
another

Z Z Yuv 6Q ~ a0, Ing (18.3-4a)

where g is the determinant of the g,,,.
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For such a system the set of r, may be used as the independent variables rather than the
coordinates ¢, and the vector to the center of mass #.. Making such a transformation, we
find from the last cquation that

-~

. m, « ¢ -
FO= = YRR (183-10)

o p Yy

This force has been defined in such a manner that the sum on the index v gives zero.
The total Brownian force on a molecule is given by Eq. 17.5-17. As long as /, does
not depend on r, the first term on the right is zero and

1 0

F®» = _ -
Y, 2

- OQ\ (HQ\pLI]q}a) (183"!1)

For models with structureless beads and no internal constraints this expression may be
transformed in a similar manner to give

~
7

PRI ST
FO=— 2, (R (18.3-12)

« o "

By combining this result with Eq. 18.3-10 one finds that

';
Fo = pe o ge o M y o

v *- v
m, W, or,

(IR, #]¥,) (18.3-13)

This may be interpreted as the total Brownian force on a bead.
Next, we note that for models with structureless beads and no internal constraints
and with f, independent of r_:

m, 0 ! i M5 0 : i lw Y =0 (183-14
i P — v — —p - - 3.
v, or, \[\m, Pt v, Zor, \[\m, P ") ( )
Then, adding the second form of this expression to the right of Eq. 18.3-13, one finds that
F® = — ~—123~-([[(r — )i, J¥,) (18.3-15)
' v, or, a vioe

It is however reasonable to assume that the momentum dependence of the distribution
function is an even function of the difference (i, — v). With this restriction the last
expression reduces to

o (O (18.3-16)

ax

as the expression for the total Brownian force on a mass point. It is this form for the
Brownian force that was used in Egs. 13.2-3 and 13.7-2. Note that F’ is the negative of the
divergence of the momentum flux associated with the vth bead; it is exactly this expression
that appears as [R,R,]*¥, in the kinetic contribution to the stress tensor (Eq. 17.6-5).
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§184 THE DIFFUSION EQUATION, THE STRESS TENSOR,
AND THE MASS FLUX

The principal results of §§18.1, 18.2, and 18.3(a) are valid for quite general models
including tensorial friction coefficients, internal constraints, and hydrodynamic interaction,
In parts (a) and (b) of this section, we summarize these main results for the diffusion
equation and the expression for the stress tensor. In part (¢) we first consider translational
diffusion for quite general models and then for models made up of structureless beads,
involving no constraints, but with the effects of hydrodynamic interaction included.

a. The Diffusion Equation for ¥,

The diffusion equation as given by Eq. 18.2-44 involves the modified metric matrix
elements, G, and the coupling tensors, M,. The modified metric matrix elements are those
of the matrix inverse to that with elements §, given by Eq. 18.2-39 as the sum of two terms,
The first term, §{}, is that associated with the structure of the molecule as a whole, and the
second, §¢, is that associated with the structure of the finite beads.

The matrix elements ¢}’ are defined by Eq. 18.2-25. If one neglects hydrodynamic
interaction and takes the masses of beads to be equal then this expression reduces to (m is

the mass of a bead),

F

N
It =
m

Lebbe— (Shot) 2 (3008,) (18.4-1)

where Z = Y | §,. For the example discussed in §18.2, in which the finite beads are taken to
have cylindrical symmetry, the modified matrix elements, §2, are given by Eq. 18.2-36. We
now further restrict the model and take the beads to be “needles,” that is, cylindrically
symmetric bodies with zero moment of inertia about the symmetry axis. Then on comparing
Eq. 18.2-36 with Eq. 17.1-12 one finds that

N
gQ = Té g (18.4-2)

Then g, is obtained by combining Eqgs. 18.4-1 and 2.

In a similar manner the coupling tensor M, is given by Eq. 18.2-40 as the sum of two
terms. An expression for the first term, MY, which is also associated with the structure of
the molecule as a whole is given by Eq. 18.2-26. If one again neglects hydrodynamic
interaction and takes the masses of the beads to be equal, this expression reduces to

M = \Nf (Srbt) - TRt L 270 (18.49)

m \/7;”4

An expression for the second contribution, M, to the coupling tensor is given by
Eq. 18.2-37.

The diffusion equation is given by Eq. 18.2-44 in terms of these quantities and Z 9.
This latter quantity is defined by Eq. 18.2-27 in terms of the total Brownian and external
forces, F® and F®, on a molecule. If these forces are taken to be zero, then #® is zero. An
expression for the generalized intramolecular force, ), is given by Eq. 17.1-21, and if one
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assumes equilibration in momentum space, the generalized Brownian force, % is given by
18.3-5. When these and the results of this subsection are used in Eq. 18.2-44 we have the
diffusion equation for W, for models with identical beads (with structure), when hydro-
dynamic interaction is neglected. The development of this diffusion equation for a
specific model is illustrated in Example 18.4-1.

In §16.2 we give the diffusion equation (Eq. 16.2-6) for models with structureless
beads and scalar friction coefficients. For those models we retain the full hydrodynamic
interaction and allow the beads to have different masses and friction coeflicients. Equation
16.2-6 includes as special cases the diffusion equations used in Chapters 13 15,

b. The Stress Tensor

Let us now return to the general expression for the stress tensor given in Eq. 18.1-10
in terms of the hydrodynamic force F™_ Although Eq. 18.1-10 is both very general and
simple in form, it is not particularly useful until one inserts a specitic expression for the F@®,
We use Eq. 18.2-19, a modified Stokes™ law expression for F%, which includes hydrody-
namic interaction and beads with structure (including anisotropic friction tensors). Inser-
tion of F® from Eq. 18.2-19 into FEq. 18.1-10 then gives

mem 4 N Y j RUIR,| — 6 R W,(r. 0. 00

avy

+y Y J-R‘,(F“” + FCY-L W (r, 0, NdQ (18.4-4)

To utilize this stress tensor formula we need an expression for [R,[; this is obtained by
combining Eqgs. 17.1-7 and 18.2-43 to get

IR,|

i,

Il

1 oY Y g - o
NN b (P FY L T FOO L Mew)  (184-5)
m, s

N

Insertion of this expression for | R || into Eq. 18.4-4 then gives the stress tensor & in terms of
the generalized forces %) and the quantity (M,:x); this is then the generalization of the
rather simple special result given in Eq. 18.1-18 (see Problem 18C.1). The use of Eqgs. 18.4-4
and 5 is illustrated in Example 18.4-1 for a molecular model containing beads with
structure.

In §16.3 several formulas for the stress tensor are given, which are less general than
Egs. 18.4-4 and 5. Equations 16.3-1, 11, 16, and 20 include, as special cases, the stress-tensor
expressions used in Chapters 13--15.

¢. The Mass Flux and the Translational Diffusivity

The mass flux of species o is given by Eq. 17.6-12. The first term on the right side of
this equation is an average of the “drift velocity” of a molecule of species «, which in turn is
related to the hydrodynamic force on the molecule. We may thus use the force balance
equations for species o to express the drift velocity in terms of the Brownian and external
forces, and to obtain an expression for the mass-flux vector in terms of the concentration
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gradient and the average external force. The second term on the right side of Eq. 17.6-12
results from the finite extension of the polymer molecules in space, and its role in various
diffusional phenomena has not yet been explored.

We begin by working with very general molecular models and include the full effects
of hydrodynamic interaction. We first form the dot product of (m,/m,)¢, ' with Eq. 18.2-14
to get the drift velocity for the molecule

[E] — o) = — 3% G0, FO (18.4-6)

m
mﬁ
Insertion of this into Eq. 17.6-12 then gives

Je= =2 m {6, X, FOIY (0, 0, 0)dQ
V-2 m, fRVHRvB‘Pa(r, 0, 1)dQ (18.4-7)

Next we substitute for F” the expression given in Eq. 18.2-19. The result may be simplified
by using two identities (see Problem 18D.1)

{g;l -y Yw-x;;} —z! (18.4-8)
{gl T, &/m} = 6,81, (18.4-9)

The mass flux of species o then becomes

=M

Je="g f Z7(FY - FOY(r, . 1dQ

—m, ). J-)“v.({[‘k.vﬂ = [k RDY,(r, Q, 1)dQ
—V-3m, va[Rvﬂ‘*’a(r, Q, 1)dQ (18.4-10)

To make use of this result, the expression for [R,] in Eq. 18.4-5 has to be inserted. For
further interpretation of this equation, see Problem 18B.2.

Having discussed the mass flux for a quite general model, we now turn to the much
simpler models with structureless beads and no constraints. We start with Eq. 18.4-7 for
J. and insert the appropriate expression for the hydrodynamic force F{ obtained from
Eq. 18.1-16 and the force balances in Eqgs. 17.5-18 and 17.6-10

i
F = — G(FD + FO + FP) (18.4-11)
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where F{ is the total Brownian force on a bead defined by Eq. 18.3-13; F'¥ is the total
external force defined in an analogous manner

Fi:,) o u [(1) (L) {}84-12)

D

and N is thc average number of beads per molecule defined by Eq. 17.5-11. Using
Eq. 18.4-11 in Eq. 18.4-7, we find that

!
= gL X | LY (Y FY o FP)Y, dQ
vou
—~¥- l m, f RV, dO (structureless beads, no constraints)  (18.4-13)

Equation 18.4-10 for general models and Eq. 18.4-13 for models with structureless beads
and no constraints are the integral expressions for the mass fluxes involving the configura-
tional distribution function ¥,.

We now make a specific assumption for the function ¥, in order to get mass flux
expressions in terms of the translational diffusion tensors. Specifically we assume that the
diffusion process is sufficiently slow that W, can be approximated by the equilibrium
distribution function in the absence of external forces (§12.3):

- ’} Sy et (18.4-14)

where n, is the number density of molecules of species @, and J is the normalization
constant. Using this expression for the configurational distribution function in the
expressions for the Brownian forces, Egs. 18.3-5 and 6, and the definition of # in Table
17.6-1 one finds that

tgr‘(“b) _ "’7;.(:,)) (184—15)

F® = My gy _ F® (18.4-16)
P

F® — _kTVinn, (18.4-17)

These relations are valid for any choice of molecular model.
Next we consider the very general model used to derive j, in Eq. 18.4-10. To do this
we return to Eq. 18.4-5 and the relations in Table 17.6-1 to obtain the expression for [R,]

- 1 1
[[th S, Z rrrrrr G bvbbul )J “(—kTV In n, + F(v))
\/mv Sty mu
+-=Y Guby (F1 + M,:x) (18.4-18)

m, s
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One then finds from Eq. 18.4-10 that

. % Pou &
= _A% vy K Fren
Js ( Pa KT >

+ ), f xv-[x R, =YY b (F + M) ]‘Pq dg
v st .
—V-)m, va[[val‘Pa dQ (18.4-19)
Here F“* is an average total external force on the molecule defined as

Fm = (R%)71- (A% FOmy (18.4-20)

in which A* is an average translational diffusion tensor

A% = (A, (18.4-21)
where
kT
A =T 27— KT Y, e Gy bbb} (18.4-22)
vust m, m

It is interesting to note that the F®* in Eq. 18.4-20 is a different average from that which
appeared in the definition of F®* in Eq. 17.4-26 in connection with the equation of motion.

Having obtained the general expression for the average translational diffusion tensor
A% we now turn once again to the simple models with structureless beads and no
constraints. For such models we find that the mass flux j, is given by an expression similar
to Eq. 18.4-19, but with the second term on the right side missing and with different
expressions for the average external force F@* and the average translational diffusion tensor

A" = (A%,

Fee _ (Ray- 1. * e (structureless beads, ]
' @) <§ A, >cq no constraints) (18.4-23)
——Z (structureless beads, ]
% m” no constraints) (18.4-24)
where
kT
BEN L {C T (18.4-25)

This is as far as we go without making further simplifications of the model.
In order to conclude the section with some simple and well-known formulas, we now
specialize to a dilute solution of one polymer species («) in a solvent (a species with N = 1,
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so that N = 1); furthermore we take all the beads to be alike, each one with an isotropic
friction tensor (8. Then the diffusion tensor A% given by Eqs. 18.4-24 and 25, is

kT
A* = 0 & 16.4-2
VeI azs

Then, if we use the equilibrium configurational distribution function, Eq. 18.4-14, to
evaluate the average of this expression for A* we find that

A= D% (18.4-27)
in which D% is given by Kirkwood’s formula®

kT

Using the definition of the dimensionless diffusion tensors, Eq. 18.2-4, we then find that the
translational diffusivity of a polymer in which the molecular model involves only structure-
less beads with no constraints is

kT
Dl =Nzt 22 H, (18.4-29)
ab v op

where
HY, =0, + 3(3:9,)., (18.4-30)

In obtaining this expression we have used the equilibrium distribution function,
Eq. 18.4-14, to obtain the expression for the Brownian force, Eq. 18.4-15, and to carry out
the average over the configuration space in Eq. 18.4-28. This result may be compared with
that given by Eq. 15.4-40; in Problem 15D.2 it is further shown that the Zimm bead-spring
model leads to D% oc M, 2. When hydrodynamic interaction is neglected, Eq. 18.4-29
reduces to
kT

Di = N.L (18.4-31)
as the expression for the diffusivity. When A% of Eq. 18.4-27 is used in Eq. 18.4-19, and when
the last term in Eq. 18.4-19 is omitted (this is consistent with the use of the equilibrium
distribution function), we find that

j, = D;‘r<Vpa - 1%“ F<e>a> (18.4-32)

If the external forces on the beads are alike and independent of the internal coordinates,
F©= js the total force on a molecule. This result shows that the effects of a concentration

' J. G. Kirkwood, J. Polymer Sci., 12, 1-14 (1954), see Eq. 9. See also J. G. Kirkwood, Macromolecules, Gordon and
Breach, New York (1967), pp. 13, 25, 41, 76, 101; H. Yamakawa, Modern Theory of Polymer Solutions, Harper and
Row, New York (1971), p. 280.
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gradient and an external force in producing a mass flux are both described? by the
diffusivity D% . This relation is consistent with the prediction of irreversible thermodynamics
in the linear approximation® and also with the Nernst-Einstein relation.

EXAMPLE 184-1 The Diffusion Equation for the Multirod-Rod Model

Develop the diffusion equation, Eq. 18.2-44, for a molecular model similar to the multibead-
rod, but with the beads replaced by rods or “necdles™ of length « = L/N. Neglect hydrodynamic
interaction, and consider dilute solutions so that N = 1.

SOLUTION In this example we take as the molecular model a set of N “necdles™ aligned along
arod* (note that N = 2). As in the treatmeni of the mullibead-rod 1n §14.1 (sec Fig. 14.1-2) we take the
centers of mass of the needles to be at the points

R, =4 ava v —(N = 1), —(N-3),..,+(N - 1) (18.4-33)
where a is the length of one needle. The model 1s such that the needles just touch, and hence the overall
length of the rod is L = Na. The orientation of the rod (and all of the needles) is described by the unit

vector u or the polar angles 0 = Q, and ¢ = @,. One then finds from the definitions in Egs. 17.1-5 and
6 that

b, =tva/me, b, =0, (18.4-3435)

vas as

where m is the mass of one needle and the ¢, are the vectors defined in §E.5.
We take the friction tensors of the needles to be alike and given by

C =8 ="{yuu+ (3~ un) (18.4-36)

where {, and {, are the parallel and perpendicular components. We then find from Eq. 18.4-1 that

du' =1 az(Z V2>(§=t‘sct) =15 N(N? = Da? (¢, ¢) (18.4-37)

and from Egs. 17.1-2, 3, and 12 and 18.4-2 that
giP = NE(egre) (18.4-38)
where &, is a “rotational friction coeflicient” of a needle. Thus, the modified metric matrix is
Ju=Xile,re), Xy =N + {5 (N? = Da?(}] (18.4-39,40)
The determinant of this matrix is
g=X%sin*0 (18.4-41)
2 It may be pointed out that the diffusivity D2 is a property of the polymer-solvent mixture. In particular, the value
of the friction coefficient { depends on the properties of both species.
3 See 1. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular Theory of Gases and Liquids, Wiley, New York
(1954, 1964), Section 11.2; and R. B. Bird, W. E. Stewart, and E. N. Lightfoot, Transport Phenomena, Wilcy, New
York (1960), Eq. 18.4-15. Starting with the latter equation, one neglects the thermal- and pressurc-diffusion terms
and assumes a dilute (and ideal) solution of species « in the solvent, to obtain exactly Eq. 18.4-32 of the present text.

#The special case in which N = 2 has been treated by A. R. Altenberger and J. S. Dahler, Macromolecules, 18,
1700-1710 (1985).
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and the elements of the inverse matrix are

~ 1
G, = d - 18.4-42
vy W) (18.4-42)

Next, one finds from Eqs. 18.4-3 and 18.2-37 that the two contributions to the coupling tensor
are

MY = L N(N? = 1)a?l, ue, (18.4-43a)
M® = L NE (uye, — e,u) + L Ne(ue, + cu) (18.4-43b)
The coupling tensors are thus,
M, = 1 X(u,c, + c,u) + 5 X (ue, — cu) (18.4-44)
where
X = N[+ & (N? = Da% ] (18.4-45)

The effective Brownian force is given by Eq. 18.3-5. For this model this expression becomes

FO_ kO L (18.4-46)
: aQ, sin 0 '
Thus one finds that the diffusion equation, Eq. 18.2-44, for this model is
6\}}_]6_0(7‘{" 162\{‘
a6 000" | atksin0) | T sin? 0 02
1 0 ~. 1 0 ~.
where
PR 18.4-48)
o 6kT (18

is the time constant. This result may also be written in the form

0, 120N Xro ) 4 P (0w 0 ) (18,449
o’ ‘“6z<au au’ "Xl_<au e ar = e ], >+ 2X, <"""auf (18.4-49)
where
Y 18.4-50
fmnsinO (184-50)

This equation is the principal result of this example; it may be compared with that for the multibead-
rod with hydrodynamic interaction, Eq. 16.2-37. The two equations differ primarily in the term



302 DYNAMICS OF POLYMERIC LIQUIDS

involving . In addition, the time constants in the two equations are defined differently. It may be
shown from the diffusion equation, Eq. 18.4-47, that

¢ 1 5 i X i
o {uuy = 3% luuy — X, (unuu) 1y
TR R R COY
+ 4 Ky o — o (and) (18.4-51)

or

X
Au) = L8~ () — /IX {uuuny :y
1

i X N
+ (XL 1>{<uu>'v e ) (18.4-52)

where the subscript (1) on (uu) indicates the convected derivative. It may also be shown by direct
substitution that for steady flows the solution of the diffusion equation, Eq. 18.4-49, is given to first
order in ¥ by

/ 1 | 3X4 184
= +2Xi(«/.uu)+-~ (18.4-53)
From this it follows that
<uu> = %8 -+ *SXL )J}’ A+ (184'54)
S ¢ U SN
Quuy gy = — 37+ 10X, {07 -7 0} - sy, b+ (18.4-55)
40X

Gy = F5 4+ 2 L)+ 5 8] + - (18.4-56)

35X,

These results, which follow directly from Eq. 18.4-49, are used in the next example in the development
of the expression for the stress tensor.

EXAMPLE 18.4-2 The Stress Tensor for the Multirod-Rod Model

Use Eq. 18.4-4 to develop an explicit expression for the polymer contribution, &, to the stress
tensor of a dilute solution using the multirod-rod model of Example 18.4-1.

SOLUTION The stress tensor of the solution is given by Eq. 18.4-4, in which the sum on the
index « includes all solvent and solute species. Here we are dealing with only one solute species and
find from Eqgs. 18.4-1 and 18.4-4 that the contribution of this polymer species to the total stress tensor
is:

X -
T, =T X Y juds (FO + (M, )P d0 do

Los

— & N(N? — D)a? Ju [C-w-ulV dOdo (18.4-57)
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where
X =& N(N? — 1)aZCl (18.4-58)

From this one finds that

n =nkT6+nkT'X 8 — 3un> — 3] g_*_gﬂ_
4 X, My

-t ><uuuu> Y

X
+ 34 ( - l><uu>”§'} (18.4-59)
Xl

In the limiting case that the friction tensor is isotropic ({; = {,) and the rotational friction coefficients
are zero, this expression reduces to the Kramers expression for the stress tensor of a multibead rod as
given by Eq. A, Table 14.3-1, with the time constant given by Eq. 14.3-1.

When one uses the relation developed from the diffusion equation and given by Eq. 18.4-52
one finds that the symmetric part of the stress tensor is

X
nY = nkT & + 3nkTA — Juu)y +{ 1 — & {unuuy 7y (18.4-60)
Xi_ Ci_
and the antisymmetric part is
@ 3XA\/ X .
ny = nkT 2, X—l — 1 {Cuud - — - {uudy (18.4-61)

The first of these relations is a generalization of the Giesekus expression given as Eq. D in Table
14.3-1.

When one uses the results developed from a perturbation solution of the diffusion equation,
as given by Eqs. 18.4-54 to 36, in the expression for the full stress tensor one finds that to
second order in k

n,=nkTs — b7+ 3b, {10~}

+ by = by W7} — 3 b (718 + (18.4-62)
where

b, = nkTAX 3¢ 2L 18.4-63

1_5X¢C¢( L+ 20 (18.4-63)

b = 3nkTI2XX 18464

2= SX_LZ ( Bl )

120k TA?X X
v T (PR (18.4-65)
L 5L

are the second-order fluid constants. Note that, to this order, the stress tensor is symmetric. The
antisymmetric contribution does, however, enter at third order; to lowest order,

@ 3nkTA3XK b . . L.
n= -y s K- XD e -21rery o)
BN
3nkTA3XX 5
= Tox : XD T Yo — Yo Yl (18.4-66)
L

where v, = 7 and y(,) = (v,1))) (see §D.3); note that X — x| is the same as N(E — &)
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it is interesting that this model leads to a stress temsor that i1s not symmetric. The
antisymmetric contribution comes from the inclusion of the hydrodynamic torque terms in Eq. 18.1-
13 associated with the finite structure of the beads. The antisymmetric behavior does not arise until
the third order since {1, Y2, — Y2," Y1) 18 the lowest order antisymmetric combination of the Yon
tensors.

In order to obtain numerical evaluations of the quantities in Eqs. 18.4-63 to 66, it is necessary
to have explicit expressions for the various friction coefficients. Brenner® has developed such
expressions from “slender body” theory. From hydrodynamic considerations he [inds that if a long
slender body is modcled as a cylinder of length g and diameter b, then for a » b

4ran,

o s roely .
- ln(a/h)’ =120, (18.4-67)

TWSWS P

. s — 1 -
T 3 In(a/b)’ f=26 (18.4-68)

With these values one finds from Egs. 18.4-40, 45, and 58 that

x, = oman, 18.4-69
=7 3In(a/b) (184-69)
.~  NQ@N? — Ora’y,
s il 18.4-70
6 In(a/b) ( )
N(N? = Dra’y,
AR il 18.4-71
3 In(a/b) (18470
and that the second-order fluid constants are
a o (NP —1
by =%nkTl|-- N7 (18.4-72)
5 (N? — DN = 1)
by, = — {5 nkTi? [ CNE T ] (18.4-73)
biy=%b, (18.4-74)
From this last relation it follows that ¥, o /¥, o = — . In addition the third-order contribution to the
antisymmetric part of the stress tensor is
@ 3nkTA® , ) .
n® = ne (V= DENT = Divey e — Yo Y (18.4-75)
In Egs. 18.4-72 through 18.4-75
N3nay,
(18.4-76)

* 7 6kT In(a/b)
is the time constant.

5 H. Brenner, Int. J. Multiphase Flow, 1, 195-341 (1974).
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PROBLEMS
18B.1 Dimensionless Mobility Tensors

Show that the dimensionless mobility tensors, B
series form,

defined by Eq. 18.2-5 may be written in the

v

Bv,u = (svu {cv : szvu}

Jrz{(;v.gm.(m.gw} 4o (18B.1-1)
7

If it can be shown that this series converges then this result illustrates that the set of tensors B, exists.

18B.2 Drift of the Center of Resistance

Make use of Eq. 18.4-10 and the discussion following Eq. 18.2-18 to show that in the
approximation of equilibrium-averaged hydrodynamic interaction

’%pJZ e (FE 4 FOYY (r, 0, 1)dQ = m, {([[r’h] — v{r )V (7. Q, )dQ (18B.2-1)

where r, is the hydrodynamic center of resistance.
18B.3 Translational Diffusion Coeflicient for the Elastic Dumbbell Model

Show that, for a dilute solution of polymer molecules modeled as elastic dumbbelis with
Hookean springs, the expression for the diffusion coefficient given by Eq. 18.4-29 reduces to that given
by Eq. 13.6-20.

18C.1 Simplification of the General Expression for the Stress Tensor for a Special Case

Prove directly from Eq. 18.4-4 that, if the model consists of structureless beads with no
constraints, the stress tensor is given by Eq. 18.1-18. For this purpose, first note from Eq. 18.4-5 that

VIR T =M Y a (FO+ FP + FO 4+ FEO + Mix) (18C.1-1)
7" s

where the a,, are the modified reciprocal base vectors defined by Eq. 16.3-6. Next, from the definition
of the coupling tensors, MV, Eq. 18.2-26, show that

: o fm, . ,
Y Jm, Ra MY =NY — R,a,R.b, T, (18C.1-2)
v viun 7

and therefore that

YR (R]—xR) T =Y /mRa(FO+FO + FP+F00+ MP1x)
vu

vs

[ .
Ly Mg, <N Y ayb,, — 5v,,5>-e;wRu:K* (18C.1-3)

vty n
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Next show from the definition of the a,, Eq. 16.3-6, and the definition of the elements of the metric
matrix §¢!’, Eq. 18.2-25, that

l N -
2auhe = g (b -2 ngfﬁ’> (18C.1-4)

1 i .
Z a.: bvtbuqu = N‘ Z Gsubpu - N Z G.sugsﬁ) Gurb’ur (ISCI”S)

viu u tuv

If the beads are structureless and there are no constraints in the model, show from Egs. 12D.3-5 and
16.3-7 that

a, = =3 G,b, (18C.1-6)

Now use Eq. 12D.3-5 again to verify that

1 B
b, = [avu—%”;'ﬂs (18C.1-7)

vsYus N

Then find from Eq. 18C.1-3 that for structureless beads and no constraints

. = 1
YR (R]—x"R)T, = SLR(FOHFO L FO  F ) (18C.1-8)
Vit v
FO= m, T, Gyb,, F (18C.1-9)
st

Verify that when this result is used in the expression for the stress tensor, Eq. 18.4-4, the latter reduces
to that given by Eq. 18.1-18.

18C.2 Translational Diffusion Coefficient for the Multibead-Rod Model

a. Use the results developed in Examples 16.1-1 and 16.2-1 to show that for a dilute solution
of molecules modeled as multibead rods Eq. 18.4-22 reduces to

A=kTZ ! (18C.2-1)

b. From this develop an expression for the translational diffusion coefficient of the system,
and show that the result is identical to that given by Eq. 14.6-45.

18D.1 Proof of Tensor Identities Needed in Discussion of Mass Flux
Making use of Egs. 18.2-6, 7, 11, and 12, prove that

M =YB, (2" (18D.1-1)
I

Then make use of Eq. 18.2-5 to prove Eq. 18.4-8, and Egs. 18.2-6, 20, and 21 to prove Eq. 18.4-9.



CHAPTER19

PHASE-SPACE THEORY FOR
CONCENTRATED SOLUTIONS
AND MELTS

In the foregoing chapter it was shown how the main kinetic theory results of Chapter 17 can
be used to develop theories for the rheological responses of dilute polymer solutions. In this
chapter we show how to use the same results of Chapter 17 to develop a theory for the
rheological behavior of undiluted polymers (“polymer melts™). A comparison of the block
diagram in Fig. 19.0-1 with the analogous diagram in Fig. 18.0-1 emphasizes the formal
similarity between the two kinetic theory developments.

Dilute polymer solutions and undiluted polymers do have some important differ-
ences at the molecular level as can be recognized if we consider the motion of onc polymer
molecule in the fluid. In Figure 19.0-2 we show the configurations of a polymer chain at time
t and time ¢ + At in a fluid undergoing stress relaxation after cessation of flow. In a dilute
solution each bead of the polymer chain is bombarded from all sides by thc solvent
molecules and as the beads go through the solvent, an isotropic Stokes’ law appears to be a
reasonable assumption for describing the hydrodynamic drag. Aftcr a time interval Ar the
chain may have wandered off into quite a different configuration. In a concentrated solution
or melt, however, the polymer chain finds it very difficult to move sideways and its principal
motion is more or less in the direction of the chain backbone; that is, we expect the
hydrodynamic drag and the Brownian motion to be highly anisotropic. As a consequence
the major difference between the dilute solution kinetic theory and the theory for
concentrated fluids is in the form of the mathematical expressions used for the hydrody-
namic drag (§19.1) and the Brownian motion (§19.2). Two new parameters make their
appearance here: ¢, which specifies the anisotropy of the hydrodynamic drag force, and ¢,
which accounts for the anisotropy of the Brownian motion (these parameters correspond
roughly to the parameters ¢ and f in §13.7).

Some polymer physicists'*? have chosen to describe the constraints on a polymer
chain in a concentrated system by saying that the chain moves in a “tube.” The “tube”
concept seems to have been very useful for qualitative discussions and for interrelating a
wide range of phenomena. Doi and Edwards?® used the idea of “tube” constraints in setting
up the first comprehensive kinetic theory for polymer melts based on the consideration of
the motion of a typical polymer chain in a concentrated solution. In our presentation in this

! See, for example, S. F. Edwards, Proc. Phys. So0c¢.,92,9 16 (1967); P. -G. de Gennes, and L. Léger, Ann. Rev. Phys.
Chem., 33, 49 -61 (1982); P.-G. de Gennes, Physics Today, 36, 33 -39 (1983).

2 M. Doi and S. F. Edwards, J. Chem. Soc., Faraday Trans. 11, 74, 1789 1832 (1978): 75, 38 54 (1979). Sce also
M. Doi and S. F. Edwards, Theory of Polymer Dynamics, Oxford University Press (1986), Chapter 7.
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8 Polymer chain

Polymer chain
at time ~———2
t+ At

Polymer chain
at time ¢

(a) Polymer chain
at time ¢

(5)
FIGURE 19.0-2. Comparison of the motion of one molecule in (a) a dilute polymer solution and in

(b) a concentrated solution or polymer melt; in the latter the motion of a polymer molecule is severely
constrained by the other polymer molecules in the fluid.

chapter we do not follow the Doi-Edwards theory, but rather a more systematic kinetic
theory approach? that is closely patterned after the dilute solution theories. In spite of the
totally different approaches used in these two theories for concentrated systems, many of
the key results are closely related; as the story unfolds, we point out the similarities and the
salient differences.

This chapter differs in two other respects from Chapter 18. Whereas in the foregoing
chapter we worked with arbitrary bead-rod-spring models, the discussion in this chapter is
restricted to the Kramers freely jointed bead-rod chain model illustrated in Fig. 11.3-1. In
particular, we consider a system consisting of a mixture of molecules of various species «, as
shown in Fig. 19.0-3. Each species is modeled as a chain of N, identical beads, joined by
(N, — 1) links, each of length g, the molecules differing only in length. Some of the
properties of the Kramers model have been discussed in §§11.3, 12.1, and 16.5. As pointed
out in §16.5 it is convenient in discussing this model to label the generalized coordinates by
two indices and take Q,, and Q,, to be the polar angles 6, and ¢, that specify the

3 C. F. Curtiss and R. B. Bird, J. Chem. Phys., 74, 2016-2033 (1982); R. B. Bird, H. H. Saab, and C. F. Curtiss, J.
Phys. Chem., 86, 1102-1106 (1982); J. Chem. Phys., TT, 4747 -4757 (1982); H. H. Saab, R. B. Bird, and C. F. Curtiss,
J. Chem. Phys., 77, 4758 -4766 (1982); X. J. Fan and R. B. Bird, J. Non-Newtonian Fluid Mech., 15, 341--373 (1984);
C. F. Curtiss and R. B. Bird, Physica, 118A, 191-204 (1983); R. B. Bird and C. F. Curtiss, Phys. Today, 37, 36-43
(1984).

FIGURE 19.0-1. Kinetic theory for undiluted polymers (polymer melts).
MAJOR APPROXIMATIONS MODEL

1. Short-range force approximation 18.1-5

2. Modified Stokes law empiricism 19.1-1

3. Approximations for momentum-space averages 19.2-4, 9, 10 Interacting Kramers
4. Mild-curvature approximation 19.3-4, 19.4-12 bead-rod chains
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7

E>

FIGURE 19.0-3. In the model of an undiluted polymer considered in this chapter, the fluid is
modeled as a collection of interacting bead-rod chains. Polydispersity is accounted for by allowing a
distribution of chain lengths corresponding to a distribution of molecular weights. A polymer
molecule of molecular weight M, is represented by N, beads joined together with massless rods of
length a. The number N, is equal to M /M, where M, is the “molecular weight” of that segment of
the polymer molecule represented by one bead. One chain, corresponding to a species with N, = 17, s
shown with solid beads.

orientation of the unit vector, u,, of the link joining beads k and k + 1. Indices i, j, k, ...
(ranging from [ to N — 1) are used to label the rods; v, y, ... (ranging from 1 to N) are labels
for beads; and p, q, ... are 1 or 2 corresponding to € and ¢.

In this chapter we introduce an additional important approximation—the “mild-
curvature approximation.” This approximation permits us to follow Doi and Edwards and
reduce the problem to one involving only the single-link distribution function f(u, g, t),
which gives the probability that a link located a fractional distance ¢ along the chain has the
orientation given by the unit vector u at the time ¢. The mild curvature assumption is used in
§19.3 to get the differential equation for the time evolution of f(u, ¢, t) and in §19.4 to get an
expression for the stress tensor in terms of f (4, o, t). To summarize, then, in addition to the
restriction to a specific model, four main approximations are inherent in the theory
presented here:

1. The short-range-force approximation already discussed in §18.1.

2. The anisotropic Stokes’ law approximation, discussed in §19.1, which replaces
the approximation used in §18.2 for dilute solutions.

3. The anisotropic Brownian motion (or “reptation™) approximation, given in
§19.2, which replaces the approximations used in §18.3 for dilute solutions.

4. The mild-curvature approximation, introduced in §§19.3 and 19.4, which was
not used in dilute solution theories.

Thus, aside from the fourth approximation used here, the form of the theory for undiluted
polymers is quite similar to that for dilute solutions. This emphasizes the advantage of a
unified approach to the kinetic theory of polymeric liquids.

Once the differential equation for f(u, o, t) has been solved (§19.5), then a constitu-
tive equation for the melt may be obtained (§19.6). Finally, in §§19.7 and 19.8, we compare
the theoretical material functions with experimental data.
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§19.1 THE HYDRODYNAMIC FORCES

As discussed in the previous chapter, to reduce the development from one in the
phase space of the entire system to one in the phase space of a single molecule, we introduce
an approximation for the hydrodynamic force. In Eq. 18.2-1 a nonisotropic modification of
Stokes” law was proposed for the hydrodynamic force acting on the vth bead of the bead-
spring-rod model. In this chapter a different kind of modification of Stokes’ law is used. We
propose empiricisius for the differences between the hydrodynamic forces on adjacent pairs
of beads' and for the sum of the hydrodynamic forces on all the beads of the Kramers
bead-rod chain model. This 15 done so that tensor friction coefficients can be introduced
that depend on the orientations of the rods. Thus we take (for 1 <k < N — 1)

F = FP = NG {[Resy — R = [o(r + Ry ) — o + RYT} | (19.1-1)

where the friction tensors §, are:
G =00 — (1 — eyuem] (19.1-2)

and N =) x,N, is the average number of beads per chain in the polydisperse fluid with
mole fractions x,. This expression for the differences of hydrodynamic forces is a generaliza-
tion of that introduced in the elementary kinetic theory for dumbbells (see Egs. 13.2-2 and
13.7-12). In this modified Stokes’ law expression three empirical constants appear:* the
scalar friction coefficient {, the link tension coefficient ¢, and the chain constraint exponent f5.
The parameter ¢, which determines the anisotropy of the friction tensor, is taken here to be a
constant, although it could be taken to be a function of § = (37 :9)"/%; if ¢ = 1 the tensor is
isotropic and if ¢ = O there is no component of the difference of the forces on two succeeding
beads in the direction of the link joining them (i.e,, in the direction of the backbone of the
chain). From the viscosity and normal stress curves it has been found that ¢ is in the range
from 0.3 to 0.5 for concentrated solutions and undiluted polymers, both monodisperse and
polydisperse. For an explanation of the term “link tension coefficient” see Example 19.1-1.
The parameter f is introduced because it appears reasonable that the magnitude of the
hydrodynamic force should increase slowly with increasing average length in a polydisperse
system. It is found from experimental data on the molecular weight dependence of the zero-
shear-rate viscosity that f is about 0.3 to 0.5.

If one assumes homogeneous flow (that is k = (Vo)' is independent of position), one
may make use of Eq. 16.5-1 to rewrite Eq. 19.1-1, in the form

F, — FP = — Nl (] — [k w]) (19.1-3)

! Equation 19.1-1 for Kramers chains in monodisperse concentrated solutions or undiluted polymers was first
proposed by C. F. Curtiss and R. B. Bird, J. Chem. Phys., 74, 2016-2025, 2026-2033 (1981); the polydisperse
expression given in Eq. 19.1-1 is new. Equation 19.1-7 is introduced here for the first time in order to discuss
translational diffusion.

% In the Doi Edwards development there is no explicit introduction of a Stokes’ law type of expression. A chain
friction coefficient is introduced via the Nernst-Einstein equation for a chain undergoing a one-dimensional
Brownian motion. The Doi-Edwards constitutive equation results from taking ¢ = 0 and f = 0 in our develop-
ment.
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For the sake of comparing with Eq. 18.2-19, the above can be rewritien to show the
hydrodynamic force on the vth bead

. = 5 ) 1
I(S’h) = Z Cvu '([ERuj] - [K : R;J) + N F(h) (191—4)
I

where

.= N"Y BB, (19.1-5)
i
and

FO =3 FY (19.1-6)

v

is the total hydrodynamic force on a molecule. It is to be noted that the tensors Cvu defined
here are not the same as those introduced in §18.2 and Table 16.1-2, but it is convenient to
use the same symbol because of the resulting similarity of this equation with Eq. 18.2-19.

Since only the hydrodynamic force differences are introduced by Eq. 19.1-1, the total
force F® is not yet specified. In this development we take the total hydrodynamic force on a
molecule of species « to be

FOr = _ex([#%] — v(r™) (19.1-7)

where {* is the (scalar) friction coeflicient of the molecule as a whole. This expression is used
in §19.4 to develop an expression for the translational diffusion coefficient.

The next step in the development is to obtain an expression for the average
generalized velocities [Q;,], which when introduced into the equation of continuity leads to
the diffusion equation for the distribution function. Because of the similarity of Eq. 19.1-4 to
Eq. 18.2-19, much of this development follows closely that of §18.2. As in the previous
development, we first note that Eq. 17.1-5 (the definition of the base vectors) can be used to
rewrite the expression for F® in Eq. 19.1-4 as

F® :%F(") -y b

uip ﬁ

From this we obtain a result (similar to Eq. 18.2-24) associated with each of the generalized
coordinates Q,,, that is, the polar angles 0; and ¢; specifying the direction, u;, of link i,

[iuv.bu,ip]H:Q‘ipﬂ + Z [ivu' K'R”:] (191_8)

_ 1 . .
N Z 7: (bv,ip. Fg’h)) = Z Z gip,jq[[quﬂ + (Mip: K) (19'1_9)
v m j 4q
where the metric matrix elements are

- N -
gip,jq = n,i z Z (bv.ip.gvu.bu,jq) (191"]0)
von
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and the coupling tensors are

N -
MiP: ZZ{Rub\uiplgvu} ”9!“11)

oy u

[t follows from the definition of the §;, ;, (Eq. 19.1-10), the expressions for the basc vectors
(Eq. 16.5-4), and the definition of the £, (Eq. 19.1-5) that

vt

Jinja =", Yinia (19.1-12)

The elements of the inverse matrix are then

m
ip.jg T N1+BE

(Y]

G (19.1-13)

ip.Jjq

where the G, , are given by Eq. 16.5-8. Note that the §,, ;, and the Gil,’jq introduced here
are not the same as the quantities defined in §18.2 and Table 16.1-2 (see the comment
regarding {,, after Eq. 19.1-6). Thus paralleling the development of §18.2, we find

3 m M [ (272 o
H.Qipﬂ = Nt +/‘C Z Z GiP».iq(“O/T.(iq) -+ /’(IZ’ + M.iq‘K) (19'1"}4)
i a

as the analogue of Eq. 18.2-43.
The last result may be used in the equation of continuity (Eq. 17.5-14); if one neglects
the external forces one then finds that

M, 1 S A, G
ot NUMga? *T00,,

ijklpq

[(Ky:d d (7D + M :x)¥,] | (19.1-15)

J4

where the K,; are the Kramers tensors defined by Eq. 16.5-9. When one introduces into this
equation an approximation for the generalized Brownian forces, # ), as functions in the
configurational space, this equation becomes the diffusion equation for the configurational
distribution functions WV,.

EXAMPLE 19.1-1 The Link Tension Coefficient

Consider a polymer chain in a steady elongational flow v, = éz, v, = —1éx, v, = —Jéy, where
¢is the (constant) elongational rate. Obtain an expression for the tension in a link aligned with the axis
of stretching (link “A™ in Fig. 19.1-1) and in a link perpendicular to it (link “B” in Fig. 19.1-1).

SOLUTION Equations 19.1-2 and 19.1-3 can be combined, and the resulting expression can be
dotted into #, to give

((FEL L — F)-u) = eNPal(s:uuy) (19.1-16)
In steady elongational flow k=[—-1(8.8, + 6,8,) + 6,5_]é. For a link aligned with the axis of
stretching, #, = 8., and

(F® | — F™)-u) = eNPale (19.1-17)
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( Link B 7/ Link A

- ml«—-”'\ S

4

y

FIGURE 19.1-1. A Kramers chain, representing a macromolecule, in a steady elongational flow.
The tension in link A, aligned with the z-axis, is eN? al¢, whereas the tension in link B, aligned with the
x-axis, is —3eN?alé. This shows why ¢ is called the “link tension coefficient.”

is the tension in the link. Similarly for a link aligned with, say, the x-axis, the tension is given by

(F® | — F™yeu) = — 1eNPale (19.1-18)

That is, in this case the link feels a compressive force. If one chooses ¢ to be zero, there is no tension in
a link.?

§19.2 THE BROWNIAN FORCES

A general expression for the generalized Brownian force is given by Eq. 18.3-7. For
the Kramers bead-rod-chain model, in which the beads are taken to be mass points without
structure, the second and third terms are zero, and the remaining term can be written as

m —
T =~ T BB

O S
Jjutip
a viLjq anq

[djq . ﬂ:Ru Rv]}\Pa]

[

ma* 0 .. :
T Ty ;Cikcip. 5? [dj, - [0, ]¥,] (19.2-1)
a Jiq Ja

To eliminate the momentum coordinates from the problem we introduce an approximation
for the momentum-space averages, [#;4,], arising in the above equation. Then when this

expression for #& is inserted into Eq. 19.1-14, the latter no longer requires information
about the momentum-space distribution function.

a. Equilibration-in-Momentum-Space Approximation

The averages of the products of velocities can be rewritten in terms of products of
generalized momenta by using Eqs. 17.1-14 and 16.5-4:

ldd;] =3 > [0:,0]cir¢5,

Y. GipurG gl P Pislles e, (19.2-2)

pakrls

3 This lack of tension for ¢ = 0 seems to correspond to the assumption of Doi and Edwards, in their theory, that all
springs in their “slip-link network™ have a uniform tension (F ) regardless of the flow field.
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If we assume equilibration in momentum space (cf. §18.3a), then we find by using Eq.
12.4-10 that

[{u'iu'j]]eq = kT Z Z Gip.jqcipch (19.2-3)
P 4
and by using the expression for the metric matrix elements, Eq. 16.5-8, that

. kT
[diti]eq = ma’® > AuAu® — wu) Ky (8 — uju))
Kl

kT
=——Y A, A,K (19.2-4)
maz %: k4R LML

If one uses this expression in Eq. 19.2-1, one obtains an expression for the effective
Brownian forces in the approximation of equilibration in momentum space.

b. Reptation Approximation

On the other hand, as a different approximation, we may assume that

[, = D)0 = vr)] = (o + )0y + 1) (192-5)

where o is a scalar coefficient. The idea behind this approximation is the concept of
reptating’ motion, that is, that “on the average” the velocity of a bead relative to the
macroscopic velocity, ¥, — v, is in the direction of the chain, a direction which is the average
of that of the two links associated with the bead. The end beads, of course, must be
considered somewhat differently. This idea was introduced earlier in §13.7 in the discussion
of encapsulated dumbbells. It should be pointed out, however, that since Eq. 19.2-5
evaluated at equilibrium is inconsistent with Eq. 19.2-4, the reptation approximation
cannot be exact at equilibrium. Nevertheless, it appears to be a good approximation away
from equilibrium.
To obtain a reasonable estimate of the coefficient o, we note that at equilibrium

z (bv, ip * bv,jq)[[Qip Q‘jq:ﬂ

1
M yipiq

YIE -0 -] =

1
= ;n- Z Gip.jq[[Piijq]]

ipjq
_ 2N — DKT
B m

(19.2-6)

! The notion of reptation (“snakelike motion™) was first proposed by P. -G. de Gennes, J. Chem. Phys., 55, 572-579
(1971); see also P.-G. de Gennes, Phys. Today, 36, 33-39 (1983). The first use of reptation in polymer kinetic theory
and rheology was by M. Doi and S. F. Edwards, J. Chem. Soc., Faraday Trans. I1,74, 1789-1832 (1978); 75, 38-154
(1979).
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That is, the total kinetic energy in a coordinate system moving with the stream velocity, v, is
(N — DKT, which is JkT for cach degree of freedom. Introducing the approximation Eq.
19.2-5 mto this result and neglecting the complications at the ends we find

AN — OHkT/m 1907
N+Zv(”v71‘uv) ( )
as the value of quantity o.
Making use of Eq. 16.5-1, we find that Eq. 19.2-5 implies that
o .
ldit ey = (Gu)(ouy) (19.2-8)
) :
where
ouy = 5(up —u;_ ) (19.2-9)

This expression is to be compared with that given by Eq. 19.2-4 which results from
assuming equilibration in momentum space.

¢.  Superposition Approximation

The approximation for the momentum average, [4,4;], that we use in the present
development is obtained by combining the two approximations just considered:

PLu;u',jH == (1 - ‘(;,)[[liiu.jﬂwp -+ Slﬂuiujﬂcq
T—¢y . &kT
= o) + D Ak (19.2-10

‘/
m

where ¢’ is the reptation coefficient. In the Doi-Edwards and Curtiss-Bird theories ¢ is taken
to be zero, but here we take ¢ to be a function of 7 = (37 :4)"/? such that ¢ = 1 when 7 = 0
(that is, at equilibrium) and 0 < ¢ < 1 otherwise (that is, away from equilibrium). Except
for these conditions the form of ¢ is not specified.

When the superposition approximation is introduced into Eq. 19.2-1, we obtain

T 0
FO = = ¢yt S Ca 8Q
14

a Jkq

mo . .
x [djq . <kT (1 — &)Ou)(ou) + & ,Z A j,Aka,mﬂkPa (19.2-11)

as an approximation for the generalized Brownian force.
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Next, we introduce the expressions for the generalized Brownian force and the
coupling tensor M, (from Eq. 19.1-11) into the cquation of continuity, Eq. 19.1-15. In doing
this, however, we note that

Z Ajl{Kkl djqcm = Z Ajl{Kkl (8~ ”j”j)}
Iq 1

=3 A,K, (19.2-12)
I

Thus, we obtain

d kT
R .
ot a N1+/iv 2 Z ik anp

ijkipg

d ‘mo, R )
X <dip . Kkl : [56_ djq : (k:f (] -6 )(buj)(oul)kpa + & Z Aijanmnku>J>

Ja mn

ZA

'Kkl‘c.;l.K.ulkPa)

Lklp . ,7Qtp
1
Ay Ay = d, Ky d,, 7OV 19.2-13
Nl +/}Z:a2 ug:pq ikl aQ,p( ki Jq Jq [l) ( )

This is the diffusion equation in the configuration space of a single molecule of species a.

§19.3 THE SINGLE-LINK DISTRIBUTION FUNCTION

In the discussion of polymer melts we introduce the “mild-curvature” approxima-
tion which was not used in the theory for dilute solutions in Chapter 18. This approxima-
tion, which is discussed in more detail later, is the assumption that the configuration-space
distribution function, W (Q, t), has a significant value only for those configurations in which
the chain approximates a curve with continuous derivatives (that is, with no “kinks”). This
approximation, which is introduced at two points, reduces the problem to one which
involves only the single-link distribution function f%(u,t). This function, which is a
contraction of the full configuration-space distribution function, describes the probability
that link j in the chain is oriented in the direction u.

The single-link distribution function is defined as

[ )=~ Jé(u — )P (0, )dQ (19.3-1)

From this definition and the definition of W, it follows that this function is normalized so
that

J S(u, )du =1 (19.3-2)

An equation for the time evolution of the function f%(u, t) is obtained by multiplying the
diffusion equation, Eq. 19.2-13, by the appropriate delta function and integrating over the
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configuration space. Thus one finds that, in the absence of external forces

S Ay | olu; —u
DR LR

lkl Pq

. (djp-Kkl-[q«; d, ((1 ﬂ) (511)((‘)11,)‘!’ e Y A ALK, \P)D o
0y,

mn

. 3
Z A, J()(uj — u) 20, (d;, Ky~ G, )dQ (19.3-3)
ip

71 é kip

With the mild curvature approximation the right side of this equation may be expressed in
terms of the single-link distribution function and thus one obtains an equation describing
the time evolution of this function. In the next section the use of the same approximation
leads to an expression for the stress tensor which involves only averages with respect to the
single-link distribution function.

The integrations on the right side of the last equation are over the entire
configuration space of the polymer molecule and thus include all possible configurations of
the chain. We will, however, assume that the distribution function, W (Q, 1), is such that only
those configurations in which the chain approximates a curve with continuous derivatives
contribute significantly to the integrals. That is, we will assume in these integrals that the
orientations of adjacent links do not vary significantly. Thus, since the A4;; are zero unless
j=1iorj=1i+ 1, we may use Eq. 16.5-9 and make the approximations that

; Ay Ky =68,0— ; Ay Crueny
= 0,8 — Ek: Ay Cujm,
= 0,(8 — u;u) (19.3-4)
and from Eq. 19.2-7, that for large N

2kT
o= (19.3-5)
m

With these approximations, the equation for the single-link distribution function, Eq.
19.3-3, becomes

o .. 21— ,
e i O LURE I s D S URICH TR

kT d
+ ‘ﬁﬁ@i 2 Ay J Ou; — u) 7Q;p[ ip” 5qu ]dQ
Z Jé(u an (d;, w-u;'¥ )dQ (19.3-6)

It is noted in passing that if one introduces the dpprommatmn Eq. 19.3-4 into the
expressmn for the generalized Brownian force, Eq. 19.2-11, and sets ¢’ = 1, (that is, assumes



PHASE-SPACE THEORY FOR CONCENTRATED SOLUTIONS AND MELTS 319

equilibration in momentum space) one finds that

7 (b
'U/Mip) = T w ctp Z@Q ¥,
iq

0 ¥,
= AT o () (19.3-7)

This result is identical with that given by Eq. 18.3-5, if in the latter the determinant of the
metric tensor, g, is approximated by the value obtained in the random-walk approximation
(see §12.3(a)).

With some manipulation the terms on the right of Eq. 19.3-6 may be expressed in
terms of the single-link distribution function, and thus one obtains a diffusion equation for
this function. We consider, first, the second term on the right. The terms in the sum with
i # j become zero when the integration over the coordinate Q,, is carried out. Thus, this
term becomes

2'kT 0 0

19.3-8
Nithrq? ou ou- ( )

The transformation of the first term on the right of Eq. 19.3-6 is somewhat more
lengthy. From the definition of the single-link distribution function, Eq. 19.3-1, one finds
that for integer k,

i A
Sisnlm )= J Ou; + uy — W)W o(Q, 1)dQ (19.3-9)
where
W= — U (19.3-10)
For sufficiently long chains, one may take the index j, appearing as a subscript on Sin, t), to

be an argument taking on an essentially continuous range of values. Then the left side of
Eq. 19.3-9 may be written as a Taylor series,

. 0 0%
Fou, t) + kg;fﬂ"’ t) + 3k? @Ef;(u, )+ - (19.3-11)

In a similar manner one replaces the delta function in the integral on the right of Eq. 19.3-9
by a Taylor series in u,; to obtain as an expression for the right side of the equation

1
aj ¥ (0, t){l + Z(AQJ,;) 5@;}) + ZZ (AQ;,N(AQ;) an‘ an;4 + - }5(",- - u)dQ
1 a
= ;a Jﬁ(u u){‘P — Z aQ”, [(AQ“J)\P 1+ = Z Z é”Q“;; 'a'Q“jq

x [(AQ;NAQ;)¥,] + '-}dQ (19.3-12)
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where AQ;, is the change in the coordinate of u; associated with the increment u,;; that is,

%

r ¢
e+ ZZ (AQIP)(AQM) qu f)Qm

Z Q/!’ ’}Qm

(19.3-13)

The next step is to invert this serics and obtain an expression for AQ;, as a series in the
incremental vector, u, ;. We first note that the three components of u,; arc given as series in
AQ,, of the form (r = 1, 2),

0
(d,-u;) = AQ;, + - Z > (AQ“,)(AQM)( a0 > + (19.3-14)
Jja
1 / 0
() = 2% (AQJP)(Aqu)(ufaQ e ) e (19.3-15)
P 4 14
From the first of these relations one finds that
/ d
Aer uk] Z Z (ukj Upje jp djq)(djr AT ij> +
anq
1 0
= (dj - uy) + 5%:%:(”“”’” iadip)| Cip a0, dip )+
1 0
= (d; wy) + 5 Z ”kjukj:djq(‘S — U)o dj,> e (19.3-16)
2 q aQ.iq

It follows, however, from Eq. 19.3-15 that the second part of the second term in the last form
of this series (the term involving u;u J) is of higher order in the incremental vector #,;, and
thus one finds that to second order in #;,

0
AQ;, = (d, u;) + - Z (ukjukj d, —— dj,> + e (19.3-17)

When this relation is used in the expression given by Eq. 19.3-13 one finds that the right side
of Eq. 19.3-9 is

(.
D KCRE RS UERERE I O ARV T

(19.3-18)

The third term in this expression is similar in form to the first term on the right of Eq. 19.3-6.

If we again assume that the distribution function W (Q, 1) is such that only those
configurations in which the chain approximates a continuous curve contribute significantly
to the integral of the last expression, we may for small values of k replace u,;, defined by
Eq. 19.3-10, by

u,; = kou; (19.3-19)
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where du; is defined by Eq. 19.2-9. One may then equate termwise the two sides of Eq. 19.3-9
as given by Eqs. 19.3-11 and 19.3-18 to find that

We have thus expressed the first term on the right of Eq. 19.3-6 in terms of the single-link
distribution function.

In the transformation of the third term on the right of Eq. 19.3-6 we use the fact
that 6(w;, — w) = d(6, — 0) 5 (¢, — ¢) sinf.

Z o(u; — Qaj;, (d;, w-u;¥ )d0 = — nia E,,: J(djp'x'uj)‘i’a ag}p ou; — w)dQ
—_ 1,Zﬁ, (d. ~x-u V. o d
=2 aQJ« K 1), 3, — w)dQ

+ ;1 cot ¥ J(djl'K-uj)‘Pa(S(uj — w)ydQ
—Z< P anK ufj>~2(u K u)fj

= <ﬁau [K-u— K:uuu]ff) (19.3-21)

One may now combine the results of the previous paragraphs to write Eq. 19.3-6 in
the form

0 .. 200 —ekT &* 26'kT [0 0 0 . .
atfj— N o j+1\7”"§a on 0uf'>_<0u [x u—K.uuu]fj> (19.3-22)

It is convenient to rewrite this equation in a somewhat modified form after introducing
several definitions. First, we let

o= (19.3-23)

be the fractional distance along a chain and define

fu,0,t) = fi(u,t) (19.3-24)
Then, we let
N2Nt1*tBr g2
Dy =22 3.
« T (19.3-25)
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be a characteristic time' associated with chains of length N . In terms of these quantities the
single-link diffusion equation of species o is

of, (1l—¢)o* . eNZ[d 0 "0 ‘
5’; = 5 £) 2 I + (au o fa> -~ (01}‘ [k u— K:uuu]]a> (19.3-26)

@

If ¢ = 1 this equation is identical to the diffusion equation for the distribution function of
rigid dumbbells, Eq. 14.2-8, except that the rigid dumbbell time constant 4 is replaced by
A/6NZ, and if & = O the equation reduces to the corresponding equation developed by Doi
and Edwards'. In either case the third term on the right describes the perturbation of the
single-link distribution function caused by a velocity gradient. The first two terms on the
right describe “diffusion™ effects associated with the Brownian motion. If one assumes
equilibration in momentum space, ¢ = 1, and the diffusion term involves the two dimen-
sional gradient operator, d/0u, that is, changes in orientation of the link. If one takes ¢ =0
the Brownian motion described by the first term is reptating motion. It is interesting to note
that the parameter ¢, which describes the anisotropy of the friction tensor, does not appear
in this equation.

§19.4 THE STRESS TENSOR AND THE MASS FLUX

Most of this section deals with the development of an expression for the stress tensor
using the general formula given in §18.1. However, at the end of the section we develop an
expression for the mass-flux vector and the translational diffusivity starting with the general
formula given in §17.6.

a. The Stress Tensor

To obtain an expression for the stress tensor for a polymeric melt consisting of a
mixture of molecules of various lengths we return to the general expression given by Eq.
18.1-10 in terms of the hydrodynamic forces, F®*, and make use of the expression for these
forces given by Eq. 19.1-4. Combining these relations and using Eqs. 16.5-2 and 3, we find
that

ajk

n=m + >Ny C, Jukg-([{uﬂ — [k u)W, dQ (19.4-1)

! For a monodisperse fluid Eq. 19.3-25 becomes A = N**#{a?/2kT. (In their analogous equation M. Doi and S, F.
Edwards [J. Chem. Soc., Faraday Trans. 11,74, 1818- 1832 (1978)] have 4 = n*T,, where T, = N3{a*/n*kTis the
“disengagement time”; that is, there is a difference of a factor of N#/2 between the two time constants.) The
proportionality A oc N has been obtained by some simple arguments using the “tube model” [see P. G. de Gennes
and L. Léger, Ann. Rev. Phys. Chem., 33, 49-61 (1982) and P. G. De Gennes, Physics Today, 36, 33-39 (1983)]. For
polydisperse fluids Eq. 19.3-25 contains N =}, x,N,, which is a mole fraction averge of the N,. Whereas we have
Apoc NZN'™E Doi and Edwards recommend 1, oc N3 for species o in a mixture. Example 19.6-1 explores the
consequences of this difference in the expression for time constants.
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where 7, is the contribution of the Brownian motion of the centers of mass of the polymer
molecules defined by Eq. 17.6-6. Use of the explicit expression for the friction tensor, Eq.
19.1-2, in this relation then gives

]
«Cie

A
n=m + 2kTY, N7

ajk

J{uk[u'jﬂ —wu; k'’ + (1 — ueuuu; e}V, dQ  (19.4-2)

where 7, is the time constant associated with molecules of species o as defined by Eq.
19.3-25. To eliminate the momentum average [4,] from this expression we make use of the
general equation of continuity as given by Eq. 17.5-14; multiplication of the latter by u;u,
and mntegration over all configurations gives

0 0 .
ot J”j”kkpa g = — EL: Eq: Jujuk ()Q,q ([Q:[¥.)dQ
= Z Jq’a(ﬂQ‘jqﬂch Uy -+ {{Q‘kqﬂuj qu)dQ

= J‘Pa([liﬂ]uk + u;d, )dO (19.4-3)

From this relation and the expression for the stress tensor given by Eq. 19.4-2, one finds that
the symmetric part of the stress tensor is

7% =1(n + nh)
ho (0
::Tck+kTg;( Ni Cjk al; ujuk‘Pa dQ

- Jukuj‘Pa dQ-xf —x -Jujuk‘i’a dQ

+(1—¢) J(ukuj + wuu Y, dQZK} (19.4-4)

The contribution to the stress tensor of the Brownian motion of the centers of mass
of the molecules as given by Eq. 17.6-6 is

T, =m Z ch Jﬂ(r‘c - v)(r-c - v)ﬂ“‘{}a(Q’ t)dQ (194'5)

If one assumes equilibration in momentum space this expression leads to an isotropic term

n, = kT8Y n, (19.4-6)
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On the other hand if one uses the reptation approximation one finds from Eq. 19.2-5 that
i » s [t a
[, = o) — o) = AN? P CTENE  h CA ) (19.4-7)
a j ok

Then introducing the mild curvature approximation, we use Hqg. 19.3-5 for o and replace
1 by u; to find that

(. —o)F — )] = Z Z uj (19.4-8)
One then finds from Eq. 19.4-5 that in this reptation approximation

m = 2kT ), Al] Juj ¥ (0, 1)dO (19.4-9)

ajl

Next, in analogy with the treatment of the Brownian force in §19.2, we take =, to be a linear
combination of this expression and the equilibrium expression given by Eq. 19.4-6,

n, = kTZl:an 5+ 2 v “’)qujuk\va(g, t)dQ] (19.4-10)
a jk

determined by the same empirical function, &, of the invariant .
The Kramers matrix Cj, is a symmetric matrix with elements given by

o I jk
Itk N N

JN =) (N =k
N N

O<k<N—j—1

Ciii= O<k<j—1) (19.4-11)

(See Eqgs. 11.6-7 and the following for more information on the Kramers matrix.) Thus,
along any row or column a maximum occurs on the diagonal. To obtain an expression for
the stress tensor in terms of the single-link distribution function we again make the mild-
curvature approximation. We assume the distribution function ¥, is such that in the
integrals of those terms in the expression for the symmetric part of the stress tensor, Eq.
19.4-4, which are multiplied by C;, we may approximate #, by u;. Furthermore, it may be
shown' that the antisymmetric part of the stress tensor is negligible. Then since Y, Cj, =
1i(N — j) we find that

1 i(N,
n:nk+5kTZna/1al(—N J){ {uuy;
el aj 3

— Cuny kT — e Cud; + 2(1 — £)<uuuu>j:lc} (19.4-12)

U'C. F. Curtiss and R. B. Bird, J. Chem. Phys., 74, 2016-2033 (1981); see page 2021.



PHASE-SPACE THEORY FOR CONCENTRATED SOLUTIONS AND MELTS 325

where the angular brackets indicate an average with respect to the single-link distribution
function, that is,

(uny ;= f wi f(u, t)du (19.4-13)

{uuuuy; = J‘utmt{}’)(u, Hydu (19.4-14)

It is now convenient to introduce again the scaled distance along the chain ¢ = j/N . One
may then rewrite the stress tensor expression as

where the subscript on (au) ,, indicates the convected derivative of {uu), defined in Eq.
D.2-4.

[t may be shown from the diffusion equation for the single-link distribution function,
Eq. 19.3-26, that the convected derivative is

(1-¢) o

2¢N?
i do? A

6Nz

5=

uuy + (uny — 2{umun>:x  (19.4-16)

<”u><1) =

With this result the last expression for the stress tensor, Eq. 19.4-15, may be written in an
alternative form. In developing this expression we integrate the term involving (9?/dc?)
{um) twice by parts assuming that the ends of the chains are oriented at random, that s,

Ju 0,8) = [(u, 1, 1) = 4; (19.4-17)

Thus one finds that

w=m + kT ) naNm{(i — 8’)[; o — J(uu) da]
+ s:’N(f[é 5~3 Ja(i — a)(uu)da:‘

— s;)uakzja(i — 0)(uuuu>dd} (19.4-18)

where A, is the time constant of molecules of species « defined by Eq. 19.3-25.

Let us now return to the expression for n,, the contribution to the stress tensor of the
Brownian motion of the centers of mass of the molecules as given by Eq. 19.4-10. First, we
note that isotropic contributions to the stress tensor are of no rheological interest. Next we
note that the diagonal terms in the double sum onj and k lcad to a contribution to the stress
tensor which is of the same form as the integral term at the end of the first line of Eq. 19.4-18
but smaller by a factor of N, /2. It appears reasonable to assume that the correlation
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between the orientations of successive links falls off sufficiently rapidly with the difference
(j — k) that the off-diagonal terms do not contribute enough to overcome this factor. Thus
in the subsequent development we neglect® m,; when we do this t = n — x,.

b. The Mass Flux Vector

The mass flux of species « is given by Eq. 17.6-12. If one uses the expression for the
total hydrodynamic force on a molecule of this species, Eq. 19.1-7, in this expression one
finds

o= — Zi Jﬂhwa dQ —V-Y m, JRVERVH‘Pa dQ (19.4-19)

as the expression for the mass flux. Since the momentum average [ R, ] is zero at equilibrium,
the term in Eq. 19.4-19 containing this factor is second and higher order in the gradients of
the macroscopic variables n, and v; therefore this is a “nonlinear” term. In the present
discussion we neglect this term, as well as higher order terms which were already neglected
in developing Eq. 17.6-12 from Eq. 17.4-35.

The mass fluxes are defined so that the sum over all « 18 zero (see Eq. 17.2-15). Thus,
if we neglect the last term in Eq. 19.4-19, this equation may be rewritten in the form

Ju= - ’Ci [<F<">“>“ -y %"; <F<"’ﬁ>ﬁ] (19.4-20)
B

where the angular brackets, (--->% indicate an average over the configuration space with
respect to the distribution function ¥,. From the force balance, Eq. 17.5-18, one finds that
the total hydrodynamic force is simply related to the sum of the total external and Brownian
forces. Thus,

N(F0®y = — (o, ¢ plemy (19.4-21)

The covtribution to the mass flux arising from the external forces F*©* is associated with the
concept of mobility, and that arising from the Brownian forces F** will be shown to be
associated with the effects of concentration gradients.

An expression for the total Brownian force on the center of mass of a molecule is
given by Eq. 17.5-17. The first term in this expression involves the momentum average,
[(F. — v)(F. — v)], appearing on the left of Eq. 19.4-7, and which arose in the term =, in the
stress tensor (Eq. 19.4-5) describing the effect of this Brownian motion. As discussed in
connection with =, the evaluation of this term using the reptation concept of Brownian
motion requires a knowledge of the correlation among the directions of the links in the
Kramers chain. Thus in the evaluation of this term we will assume equilibration in
momentum space and use the expression for the Brownian force, F®”, given by Eq. 18.3-6.
With this expression, we find from Eq. 19.4-21 that

NCFD™y = %T Vo, — (FO (19.4-22)

% The center-of-mass motion was considered for the elastic dumbbell model by R. B. Bird and J. R. DeAguiar, J.
Non-Newtonian Fluid Mech., 13, 149-160 (1983), Eqgs. 3.8 and 3.9.
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and thus

he 4

. kT | Pa ey L P o ¢ ‘
b=~ g [Vm “er KL (Yo g (P (19423)

This expression may be rewritten as

Ja= =) Di‘f{ Vpy — :; (FOPyP ] (19.4-24)
8 ) _
where the quantities
kT / p
af s Ha .
Dy Nt (aa,f p) (19.4-25)

form a matrix of translational diffusion coefficients.

We now turn our attention to the mass flux of a species o which is present only in a
trace amount, so that p,/p < 1. Then it follows from Eq. 19.4-25 that D* is diagonal
(D = D6,,) and

kT
DY = e 19.4-26
L= wp (19.4-26)
For this situation the mass flux becomes
o= 2V, — Po ey (19.4-27)
o r x kT

This equation has the same form as Eq. 18.4-32, although the averaging of F©* is different.
If we now let {* = (N2/N){, where { is the single-bead friction coefficient, then one finds
from Eq. 19.4-26 that

kT
D= i (19.4-28)

24

The above empiricism for {* leads to an M ? dependence for the self-diffusion of species
and also for a trace of polymer « diffusing in polymer f3; this appears to describe the limited
experimental data available®. A similar result has been obtained by “scaling arguments,”*

3 M. Tirrell, Rubber Chem. and Tech., 57, 523-556 (1984).
4 P.-G. de Gennes and L. Léger, Ann. Rev. Phys. Chem., 33,49 61 (1982); P.-G. de Gennes, Phys. Today, 36, 33 39
(1983).
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§19.5 SOLUTION OF THE DIFFUSION EQUATION FOR THE
SINGLE-LINK DISTRIBUTION FUNCTION

In this section we discuss the solution of the diffusion equation for the single link
distribution function, Eq. 19.3-26, which is consistent with the assumption that the end links
are oriented randomly as described by Egs. 19.4-17. For this purpose we first define g
function F(m, 1, t') as the solution of the equation

0 gN? /0 0
SF = o F) -
ot A (611 ou

subject to the “initial” condition that at ¢ = ¢/

(;;l-[x-u~ K:uuu]F> (19.5-1)

f
Fu, t', 1) = -

19.5-2
An ( )

It is to be noted that this equation is identical to that which determines the distribution
function of rigid rods, Bq. 14.2-8, except that the time constant 4 is replaced by 4/6¢' N2,
However, in this discussion the normalization condition, Eq. 14.1-3, is replaced by the initial
condition, Eq. 19.5-2.

Next we will show that the required solution of the diffusion equation, Eq. 19.3-26,
may be written as a time average of the function, F(u, t, '),

fu, o, 1) = J l P&, 0,1 — t)F(u, t, t')dt’ (19.5-3)

involving the probability per unit time

_4d—e)

1. e
P(¢,0,5) y i (i nuo)e (17 ESIAD (19.5-4)

n,odd

and a series of time constants associated with the purely reptational motion

. A
Aglr) e

19.5-5
g (19.5-5)
It may be shown from properties of Fourier series that
w0 4 1 )
P(¢, 0,s)ds = -~ ) = (sinnno) = 1 (19.5-6)
0 7 poda 1

We will next show that the expression on the right of Eq. 19.5-3 is (1) a solution of the
diffusion equation, (2) properly normalized, and (3) consistent with the conditions that the
ends of the chain are oriented randomly (as described by Eq. 19.4-17).
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To show that the expression on the right of 19.5-3 is a solution of the diffusion
equation we differentiate with respect to ¢ to find that

0 1 —¢ .
a[f: (;L {‘) “;D;id n(Sln nn‘o—)
41— ¢)? 1 ! g 0 .
_ Ml —e) > e (sin mm‘)J e (e iy ety de’
n,0dd Ay, — o
-+ rP' t—1t" eNZ (0 aF 6t
=l 0—7 - " - Lot ’\ b4 ?
. ¢ A (811 ou (u
/ a ’ ’
— (ﬁu [k u—wrauulF(u,t,¢)) |dt (19.5-7)

The first term on the right arises from differentiating the upper limit of the integral and
making use of the initial condition, Eq. 19.5-2; the second term arises from differentiating
P(¢, o, t — "), and the third term from differentiating F(u, 1, t') and using the defining
equation, Eq. 19.5-1. The first term may be shown to be zero and the remaining terms lead
to the terms on the right of the diffusion equation.

Next we show that the solution, Eq. 19.5-3, is properly normalized. For this purpose
we first integrate Eq. 19.5-1 over # and make use of Egs. E.7-1 and E.7-2 to find that

0
a JF(u, t,t)du =0 (19.5-8)
that is, the normalization of the function is independent of time, and thus from the initial
condition, Eq. 19.5-2

J F(u, t,1)du = 1 (19.5-9)

Then on integrating the expression for flu,0,1), Eq. 19.5-3, and making use of the
normalization of P(¢, g, s), Eq. 19.5-6, one finds that

Jf(u, o, 1)du = 1 (19.5-10)

and thus the solution is normalized.

Finally, we consider the form of the solution, Eq. 19.5-3, near 0 = 0 and ¢ = 1. Since
at these points, sin nno = 0, near these points only those terms with very large n contribute
to the sum. In these terms if ¢’ < 1 the only contribution to the integrals arises from values
of t' near t, where F(u, t, t') = 1/4n. Thus, for these values of g,

3 I ! ’ ! A 1
f(u, o, t)—»zﬁj P, o,t — thdt = (19.5-11)

e )

That is, if & is not exactly unity, the end links are oriented randomly;' it is clear from the
form of the diffusion equation that for ¢ = 1, the solution is independent of ¢.

! The form of the distribution function near ¢ = 0 and | for steady flows to first order in  is discussed in more
detail near the end of this section (see Egs. 19.5-21 and 24).
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a. Exact Solution in the Pure Reptation Limit (&' = 0)

Next we consider the solution of the equation for F(w, ¢, t') Eq. 19.5-1, in the pure
reptation limit in which ¢ = 0. For this purpose, we first consider the properties of the finite
strain tensor, y'°)(t, ¢'), which are discussed briefly in Appendix D. From Eq. D.3-3 it may be
shown that

d
ST = — (et ) = (Y iy (19.5-12)

in which x and k' may be functions of t. From this it follows that

7

0 d
5—[[1 + (Y aw)] 3 = -(a k- u— wiam](l + y‘olzuu)*”/z) (19.5-13)
a u

On comparing this equation with Eq. 19.5-1 one finds that in the limit that ¢ = 0,

1

F L1, e T ——— 19.5- 2
(.8, 1) 4n(l + ¢ gm)3? (19.5-14)

When this expression is used in Eq. 19.5-3, with ¢ = 0, one obtains the solution of the
diffusion equation, in the “reptating” limit,

1 (" Ple,t—t)
S o =1 J*w(l O dt (19.5-15)

where
P(o,s) = P, 0,s)

= 4n Y. n(sin wno) exp(—s/A%) (19.5-16)

/1 n,odd

% Equation 19.5-14 was first obtained by C. F. Curtiss and R. B. Bird [J. Chem. Phys., 74, 2016-2033 (1981)] by
transforming the expression of M. Doi and S. F. Edwards [J. Chem. Soc., Faraday Trans. 11,74, 1818-1832 (1978)]:

Fut,t) = Zl}z Jé(u — idit (19.5-14a)
where
S L CLYl |
i, 1, 1) = ITEG. )+ 1] (19.5-14b)

Here E(t, t') is the displacement-gradient tensor. See Example 8.3-2 for the transformation of coordinates needed to
interrelate the two expressions for F(u, ¢, t'). It is interesting that in the differential equation (Eq. 19.5-1) the flow
field is described by the kinematic tensor k = (Vv)', but that in the solution (Eq. 19.5-14 or 19.5-14a) the kinematic
tensor ¥ = {AT+A —§} or E appears. The relations between A or E and k are quite complicated (see problem
8D.1).
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A retarded-motion expansion for f{u, o, t) can be obtained by expanding the denominator
of the integral in Eq. 19.5-15 in a Taylor series and then expanding y'%)(z, t') about ¢ = ¢ (see
Problem 9B.2). Then the time integrals can be performed and one finally obtains

f(n, 0, 1) = 41 [1 + 24y cuuy(o — %)

T

1 .
+ 3"2&2(57‘”7(”511111411 — 2y uu)(o — 20° + o) + ] (19.5-17)

The A*-term has also been worked out but is not included here.?

b. Perturbation Solution for ¢ # 0

As was pointed out earlier, if ¢ # 0 Eq. 19.5-1 is essentially the rigid rod equation
discussed in Chapter 14. Although no completely general solution of this equation is known
some results in Chapter 14 may be used in the present discussion.

As an example of the use of the rigid rod results we consider the perturbation
solution for arbitrary, irrotational, time-dependent flows discussed in §14.5. From Egs.
14.5-4, 14, and 21 it follows that

i 3 N2t g
Flut,t) = { t+) J e~ SNV () s )t
¢
3 [
. Ii J J (,Y(t//) : ,-Y(t/u) . 3{7(t//) . ,-Y(t//r)} :uu)e—ée’Nz(t~l’)//1 dr"dr’
t 1

3 t t
“ial, ] (€407~ 10036107
t t
35 . e N0~ T~ 30"
+ _i_ ('Y(t”):llu)(’y([’”):uu))e 28'N2 (10t —T7¢" = 3t") /A dt/u dl// + } (195-]8)

This solution is consistent with the initial condition, Eq. 19.5-2, and becomes the solution
discussed in §14.5 in the limit that t' — — oo. In a similar manner higher terms in the series
may be obtained from the expressions given in §14.5. When this result is used in the
expression for the distribution function, Eq. 19.5-3, one finds that

f(u, o, 1) = L {1 + 6 > 1(sin o) Jl e ARy s um)dl + } (19.5-19)

47T' n,odd n

where the 4, are a set of effective time constants

(I —¢g) 6eN¥ ! A
PP AT = 19.5-20
" [ o T (I = &)m*n® + 65'N? (19320

3 C. F. Curtiss and R. B. Bird, J. Chem Phys., 74, p. 2024 (1981).
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For steady flows ¥ is independent of time and
f(u, 0,t)=" ’l + Ay umg(o) + -} (19.5-21)

where

6 sin nng
glo)y =~ 3,

19.5-
7,5 nl(1 — enPn? + 66 N?] (19.3-22)

This scrics may be written in the alternate form

2n

glo) = — 21— Zl (om)! E, (o) (19.5-23)

where x = [6¢ N?/(1 — ¢)]"? and the E,,(0) are the* “Buler polynomials.” Using the
definition of these polynomials one may sum this series to find that

_ 3[sinh 3xo][sinh 3x(1 — )]
9lo) = (1 — ¢)x? cosh 1x e

One then gets for small values of x (or ¢")

LU= XL 19.5-25
9OV = g | e e (19.5-25)
and for large x (or ¢ — 1)
() > b 19.5-26
NOZ00 Z ey = 4n? (19.5-26)

except at o = 0 or 1. On the other hand, if ¢ is not unity, g(o) as given by Eq. 19.5-24 is zero
atg =0 and L

Thus one sees explicitly that for steady state flows to first order in ¥, the solution of
the equation for the single-link distribution function, f(u, o0, 1), as given by Eq. 19.5-3, is
1/(4m) at 0 = 0 and 1, except in the limit that ¢ — 1, and that in this limit the function is
discontinuous at these points.

§19.6 THE CONSTITUTIVE EQUATION

One may combine the formal solution of the dilfusion equation for the single-link
distribution function developed in the previous section with the expression for the
stress tensor developed in §19.4 to obtain a constitutive equation in terms of the solution,
F(u, t,t), of the rigid rod equation, Eq. 19.5-1.

4 M. Abramowitz and L A. Stegun (Eds.), Handbook of Mathematical Functions, National Bureau of Standards,
Washington D. C. (1964), pp. 803 et seq.
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First, we define a second-order tensor A% and a fourth-order tensor A'* by

AL ) = JF(u, t, (uu du (19.6-1)

AW 1) = J‘F(u, t, uunn du (19.6-2)

With these definitions it follows from the expression for the single-link distribution function,
Eq. 19.5-3, that

1 3
f <uu>d0:J u(t, YA, tydr (19.6-3)
0 .
1 1
J o(1 — oXuuydo = J v(t, tHYAD(L, Hdt! (19.6-4)
0 —w
1 t
o(1 — o) unuuydo = v(t, YA, )dr 19.6-5
. )
where
! 8(1 — ¢ e
w(s) = J P(¢, 0, s)do = & o £) Y e (1 meAr (19.6-6)
o} n,odd
2(0 —¢&) [ 16(1 — ¢ 1 et
v(s):,,,(,ﬁ,l,j) J u(s’)ds’:—v—%ﬁf——)— de p; gm (T (19.6-7)

When these expressions are used in Eq. 19.4-18 for the stress tensor, one finds that

t=kT Y n, N{g(i —~ )8 + L&N26 — (1 — &) J 1t — AP, )dr

t t
— 3¢/ N2 J vt — AP, )t — el x(D): J v (t — )AL, t’)dt’_J (19.6-8)

o)

where the sum over « is the sum over the various species of molecules. In the polydisperse
liquid being considered here the molecules differ only in length, that is, in the value of N ;
there is a time constant 4, associated with each species. In general, the functions p(s) and
v(s), as well as the tensors A® and A™, depend on the value of 4,.
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a. Complete Constitutive Equation in the Pure Reptation Limit (¢’ = 0)

In the limit that & = 0, the function F(w, t,t) is independent of 4, and as a
consequence A and A™ are also independent of 1. The stress tensor is then’

T = (Z Fy Na>kT[§6 —J“ (Zwa,ua(t——-t’)>A<z)(£, ydt’

-3 -

7

— Ley(0): J t (z waiava(zwz’)>A(‘”(t, z')dz'} (19.6-9)

in which w, = n,N,/) , ny N is the mass fraction of species «, and?

1 uu du 1 o
A = i | @y =~ Juu du (19.6-10)

1 uuny du [
A — i | (% s = Juuuu du (19.6-11)

with @i(u, t, ') being defined in Eq. 19.5-14b. The two forms of A® and A® result from the
use of the alternative forms for F(u, t, 1) given in Egs. 19.5-14 and 14a (see Example 8.3-3 for
the relation between the two forms).

In Eq. 19.6-9 we have then arrived at the complete constitutive cquation® for the
polydisperse polymer melt, modeled as a collection of interacting Kramers chains. Given
the kinematics of the flow field one can obtain y'°(¢,1') and then A® and A™. Substitution
of these kinematic tensors into Eq. 19.6-9 then gives the stress in the fluid, provided that the
time constants 4, for the chain are known.

The stress-tensor expression in Eq. 19.6-9 may be put into the form of a retarded
motion expansion (see Eq. 6.2-1) by performing the following manipulations: expand the
expressions for A® and A® as Taylor scries in y1°)(¢, t'); expand ¢! about ¢’ = ¢ using Eq.
9B.2-1; use Problem 9B.1 to replace all v by combinations of y,,; finally, do the

! The Doi Edwards constitutive equation [M. Dol and S. F. Edwards, J. Chem. Soc., Faraday Trans. 11, 74,
1789 1832(1978); see Eq. 3.15 on p. 1822] can be obtained from Eq. 19.6-9 by specializing to a monodisperse fluid,
setting & = 0, and replacing kT by 3kT. As noted carlier, in connection with Eq. 19.3-25, there is also a difference in
the time constants in the two theories. For polydisperse fluids the mixing rules given by Doi and Edwards [J.
Chem. Soc., Faraday Trans. I1,774, pp. 1828 1829 (1978)] are the same as those implied by Eq. 19.6-9, except that
the /, needed for caleulating g (t — 'y and v,(t — t') arc defined differently: in the Doi Edwards theory A, oc N2,
whereas Eq. 19.3-25 gives £, o0 NJN' '8 with N =Y, x.N,.

2 The tensors A and A“ used here are simply related to the two second-order tensors 4 and B used by C. F.
Curtiss and R. B. Bird [J. Chem. Phys., 74,2016 2033 (1981)] asfollows 4 = A®, and B = {A{4:A“}. P. K. Curric
[J. Non-Newtonian Fluid Mech., 11, 53 68 (1982)] has shown that 4 and B are both derivable from a “potential
function™ (see Table 8.3-2 and Example 8.3-3).

3 This constitutive equation has been used along with the equations of continuity and motion for making flow
calculations [D. S. Malkus and B. Bernstein, J. Non-Newtonian Fluid Mech., 16, 77 116 (1984)].
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integrations over t'. The result is

_ —(Z naNC,)kT[(;O XZ wm) y Coso)(z wa/a>{y” T,
(6(1)())(2 W”d)”m ] (19.6-12)

From this expansion, including the third-order terms which are also available,* we can get
the following results (cf. Example 6.2-1 and Problem 6B.2):

Viscometric Functions:

el )l

1/ 341 / i
(S n e g0 (292~ sigmmng (15 ) (T it ) -] o1

, 341 _
e —<Z n“N“>kT(1 F)[IOSO <Z ”az) ~ 9604980 <Z wai;‘)yz + ] (19.6-15)°

Elongational Viscosity:

=S (T )+ s 3

17 1%
+<—78400 58800><Z ta “)b - ] (19.6-16)

In these expressions the time constants 1, are given by A, = N?N!'*#(a?/2kT and
N =3, x,N,; the x, are mole fractions, the w, are mass fractions, and the n, are number
densities. Note that the normal-stress ratio at y = O is given by

&
i

2,0 2
e — (] — 19.6-17
gl = —H =0 (196-17)

for monodisperse and polydisperse fluids.® It is interesting to note that the “rod climbing”
phenomenon occurs for small deformation rates only if ¥, /¥, o > —§ or ¢ > g; this
means that the Doi-Edwards theory (¢ = 0) does not predict rod climbing at the

4 C. F. Curtiss and R. B. Bird, J. Chem. Phys., 74, p. 2029 (1981).

5 The y*-terms in the expression for ¥, and ¥, were not obtained from the fourth-order terms in Eq. 19.6-12, but
rather by expanding the integrals in Eqs. 19.7-10 and 1.

¢ The quantity ¥, o/'¥, , has been measured for linear polybutadienes and polystyrenes in normal butylbenzene
and found to be about —0.29 {see S. Ramachandran, Ph.D. Thesis, University of Utah, Salt Lake City (1983), as
cited in S. Ramachandran and E. B. Christiansen, J. Non-Newtonian Fluid Mech., 13, 21-32 (1983)]; the same
authors reported W, /¥, ¢ = —0.214 for star polymers.
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second-order fluid level, in conflict with known experimental facts (see Problem 6B.6), even
if polydispersity is accounted for.”

b. Retarded-Motion Expansion and Linear Viscoelastic Reponse for ¢ £ 0

From the series cxpression for F(u, t,1") given by Eq. 19.5-18 one finds that for
irrotational flows

{ [ e
A(Z)({’ ﬂ) — ; s + 5 J\ e“ﬁx Ni(t—t¢ )//"'ir'(f”)dl”
%

1
70
= 3 @) = 3@ @) 1dede - (19.6-18)

J | J R PRI

t B

1
AN 1) = s @ +1+ 1

[ N2 - 1))
_____ ) J eTOENHTVATES + 1+ 119"
.

+ 4ty [86 + 1+ 1 ]}dt” + - (19.6-19)

where 1 1s the isotropic fourth rank tensor defined in §E.9. When these series are used in the
expression for the stress tensor, Eq. 19.6-8, one finds that

8kT [ "
t= - YN Y J [6"“‘”"‘?(t’)
1 . ” oy f 11
4 j eI (W) H(1")B

— 39 A — ) )+ ~-~]dt’

166kT 1 3 [t o
- ’15%4’ 2 1N, E;m pr [‘Y(t) + 1 J' e I 4 (1)D
+ 29() (1) + 29() -y }dr + ] (19.6-20)

where the A, are the time constants defined by Eq. 19.5-20. From this it may be shown that
the coefficients in the retarded motion expansion are

8kT 1
by=no=—-7 (U +3) ) nN4 ) (19.6-21)
57[ [ n.odd 1
8kT p)
by= =i o= — - S mNJ Y (19.6-22)
' 57'C a n,odd n

by, =¥, =751 — &b, (19.6-23)
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In the limit that ¢ — O these results are equivalent to the first terms in the series given by
Egs. 19.6-13 to 15. It is interesting to note that y, and the ratio W, ,/'¥, o are independent of
¢'. For a monodisperse system, the value of W , (or ¥, ;) when ¢’ = 1 differs from the value
when ¢ = 0 by a factor of 5/(3N?). The explicit form of the dependence of these quantities
on ¢ is examined in Problem 19D.1.

It may also be shown from Eq. 19.6-20 that the relaxation modulus is

; 84 > A
G(r) = kT%naNa [;5 ZOFE) ‘ ] (19.6-24)

4y
n,odd n Aa,n

From this it follows that the complex viscosity is

I 8 1
* = kT N_A 19.6-25
7 2. 1aNos [90 T L it iw/lm)jl ( )
and that
. 7(w) (2¢/3)
| = 19.6-26
SO T 2e3) (19:6:26)
lim wn’(w) =4+ kT (1 - ;) Y N, i, {19.6-27)

Experimental data on »'(w) for polymer melts at high w when compared with Eq. 19.6-26
suggest that ¢ should be very small or zero.® However, we feel that it is inappropriate to
draw this conclusion, since the Kramers bead-rod model is too crude to account for the very
small-scale motions that are probed by high frequencies in the oscillatory-flow experiment.

EXAMPLE 19.6-1 Effect of Polydispersity on Rheological Properties

Use Eqs. 19.6-13 and 19.6-14 to obtain the zero-shear-rate viscosity and first normal-stress
coefficient for a polydisperse polymer melt. Then obtain the steady-state compliance J in terms of
appropriate molecular weight averages. Finally as an illustration of using a two-parameter empiricism
for the molecular weight distribution, use the logarithmic-normal distribution” to compare the
theoretical result with the experimentally determined molecular-weight distribution dependence

go o M\ 19.6-28
e\ 5 {19.6-28)

w

deduced from data on polydimethylsiloxane and polystyrene in the range 1 < M_/M,, < 3 by Mills.'®

SOLUTION We approximate the molecular weight distribution by a continuous function
w(M), such that w(M) dM is the weight fraction of polymer with molecular weight between M and
M + dM. We define molecular weight averages as follows:

_ fg‘Mz”w(M) dM
B P VIS (19.6-29)
fo M w(MYdM
8 D. A. Bernard and J. Noolandi, Macromolecules, 16, 1358 1366 (1983).
9 H. Wesslau, Makromolecule Chemie, 20, 111-142 (1956).
10N, J. Mills, Nature (London), 219, 1249 1250 (1968); see also H. J. M. A. Mieras and C. F. H. van Rijn, Nature,
218, 865-866 (1968).
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For j= —2, —1, and 0 these quantities are generally called, respectively, the number-average
molecular weight M, the weight- average molecular weight M, and the z-average molecular weight
M,. Keep in mind that {g w(M) dM =

Now we note that the sum Za ‘,!Nlx appearing in Eqs. 19.6-13 and 14 may be written as
follows:

N
LN, = YeM, = (19.6-30)

-4 0 « O

in which ¢, is the molar concentration of species a, M, is the molecular weight of that part of the chain
corresponding to one “bead”, p is the mass density of the mixture, and N is the Avogadro number.
Next we note that the time constant 4_, given in Eq. 19.3-25, can be rewritten in terms of molecular
weights using M, = N, M, as follows:

Nl QﬂNZCa Ml F[iMZ (:az
== (19.6-31)

""" 2kT

The sums, involving weight fractions w,, appearing in Eqgs. 19.6-13 and 14, may now be written as
follows:

W, A

Mith <Ca2

= TN A MyaM
it (ser) |,

KT

w

MM, (L 19.6-32
M?f*“ <2kT> (19:6:32)

Ml%t] (:az 2o
= - M*w(M)dM
Z Wy A <M3+ﬂ> <2kT> J\() W( )

= MM?MMAQ%“ 1M <2C T>2 (19.6-33)
Therefore, the zero-shear-rate viscometric functions become
Mo = 651]:[4122( +3e )(2%:1:>M VYO M, (19.6-34)
o= (f,fT) VTN NI, M (19.6:39)
and also
0= \}2’—30 Mﬁj%” (19.6-36)

Thus J? is predicted to be independent of molecular weight in a monodisperse system, but strongly
dependent on molecular weight distribution in a polydisperse liquid, which is in qualitative agreement
with experiment.

To go further one has to assume a form for the molecular-weight distribution w(M). One two-
parameter equation is the logarithmic-normal distribution

Y ERYA 2
W) = P (n M = In My) /207 (19.6-37)



PHASE-SPACE THEORY FOR CONCENTRATED SOLUTIONS AND MELTS 339

in which ¢ and M,, are constants. It can be shown that for this distribution M, , /M, ., | = exp o>
Using this result we then get!!

J¢ e AEI‘ ’ (19.6-38)
¢ M

w

which should be compared with the experimental result in Eq. 19.6-28.

Extensive comparisons'? between experimental data and the mixture-theory results of Egs.
19.6-36, 19.7-9, 19.7-10, and other equations for material functions suggest that the time constant 4, of
Eq. 19.3-25 is reasonable. This formula is, in turn, a consequence of the definition of F®* in Egs.
17.5-10 through 12. The generally satisfactory agreement between theory and experiment provides
some additional support for the method of incorporation of concentration and molecular weight
dependence in Eq. 17.5-10 (see footnote 1 in §17.5).

§19.7 SHEAR-FLOW RHEOLOGICAL PROPERTIES'?

In this section we use Eq. 19.6-9 to obtain some of the material functions for
monodisperse fluids for shear flows of the form v, =0, v, =} .(t)z, v, = 0 in the pure
reptation limit, ¢ = 0. For such flows the kinematic tensors y(t) and E(t, t") are (see
Appendix C)

0 0 0 1 0 0
y(t)y=10 0 147,00, Et,t)={0 1 r (19.7-1)
0 1 0 0 0 1
in which I'(t, t') = —7,,(t, 1) = jﬁ,)')yz(r”)dt” is the negative of the shear strain from ¢ to t'.

Then the unit vector #(t, t') appearing in Eqgs. 19.6-10 and 11 is:

Uy

E-u 1
! : | = u, + Tu, (19.7-2)

[E-ul /1 + 2Tuyu, + T2u?

ﬁ:

Here u, = sin 0 cos ¢, u, = sin 0 sin ¢, and u, = cos 0, where 0 and ¢ are the polar angles
describing u; this expression for # then has to be inserted into Egs. 19.6-10 and 11. From the
latter we get the yz-components of A® and B® = {Ay: A®}, needed to get the shear stress

' The importance of polydispersity in polymer-melt kinetic theory was emphasized by M, Doi and S. F. Edwards
[J. Chem. Soc., Faraday Trans I1,74, 1818 1832 (1978), Eqs. 7.2-7.4]. Their recommended averaging procedure is
different from ours and leads to

M
J,.oc -

Y B
MWM.M~+ L distribution Mw (196-383)

¢

Vi Vi \©9
M:+4 logarithmic normal (Mz>

For more on this subject see M. Kurata, Macromolecules, 17, 895 898 (1984) and W. W. Graessley, J. Polymer Sci.,
Polymer Phys. Ed., 18,27 34 (1980).

12 5. D. Schieber, C. F. Curtiss, and R. B. Bird, Ind. Eng. Chem. Fundam., 25, 471-475 (1986); J. D. Schieber
J. Chem. Phys., 87, 4917-4936 (1987).

! R. B. Bird, H. H. Saab, and C. F. Curtiss, J. Chem. Phys., 77, 4747 4757 (1982) and H. H. Saab, R. B. Bird, and
C. F. Curtiss, J. Chem. Phys., 77, 4758 4766 (1982); errata in this paper have been pointed out X.-J. Fan and
R. B. Bird, J. Non-Newtonian Fluid Mech., 15, 341 373 (1984).

2 H. H. Saab, R. B. Bird, and C. F. Curtiss, J. Chem. Phys., 77, 4758 -4766 (1982).
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1,., by doing the ¢-integrations and changing the O-integrations to integrations over
x =cos 0

1 1
AR = él*f [I4+yg '07°x* = Dldx (19.7-3)

0
N i
B2 — _VLJ (14 ¢[00 4 80X — (71 4 8%)x* + ST2x? — 1]}dx  (19.7-4)

in which g = [(I'* + 4I'*)x* — 2I"x? + 1]Y% Next we give the corresponding quantities
needed to get the first and second normal-stress differences:

AD AP =T AP (19.7-5)
1 1
AD - 4D = ?j (1 — g '[(T? + 6)x* — 1]}dx (19.7-6)
O
.. (1 (3 + 22
B2 _ g@ _ Tiyz e -3 6 4 QT 2y
s oz ar L{1+r2 +¢g [@I° +2r 8 )x
— (TT* 4 8T H)x* + (6T — 6)x? — 1 ]}dx (19.7-7)
B @ — — 5 L e (19.7-8)
zz xx ) vz dr Iz xx .

The derivation of these equations is outlined in the original reference,’ and tables of these
quantities as functions of I' are given.

When the components of A® and B® are substituted into Eq. 19.6-9 and the
integration variable is changed to the dimensionless variable s’ = (t — t')/4, we get for the
steady shear flow of monodisperse fluids:

@ b
NnkTi 7

W) 1 J ) J
ST T e ISHAD — ADY_ d¢ 1 ¢
NnkT2? (;by)z[ o Ap(AS WA — AZp ds” + ¢ i

J Ap(is WADY ds' + ¢ j Av(As) (B, ds’] (19.7-9)
0

[¢]

[ee

Av(As') (B — B2, ds’] (19.7-10)

Vo)) t—e ™. ) @
LAV S _ o J-11
NkTi2 = G s Ap(AsH(AZ — AN ds (19.7-11)

In these equations the subscript I' serves as a reminder that the components of A® and B?
are functions of I', which is related to s by I' = 9(t — t) = A)s’; for steady shear flow we
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drop the subscripts yz on 7,.. For very small 4y the viscometric functions #, ¥, and ¥, may
be expanded to give Egs. 19.6-13 to 15 appropriately simplified for a monodisperse fluid.

For very large 47 it has been found’ that

1 &
NnkTh 7 (&7 0) (19.7-12)
v, 2¢ In Ap
T A (19.7-13)
k 1.1619(1 — ¢)
Nakri? ™ T R (19.7-14)

When ¢ = 0 (Doi Edwards theory) at very large 7 it is found?® that y oc 7 *?and ¥, oc 5~ 2
The calculated curves of n, ¥, and ¥, are shown in Figs. 19.7-1 and 2.

Experimental data on 5 and ¥, for well-fractionated melts and concentrated
solutions can be reasonably well fit by the theoretical curves, as may be seen in Figs. 19.7-3
(polystyrene melts), 19.7-5 (poly-a-methyistyrene solutions), and 19.7-8 (polystyrene so-
lutions). Values of ¢ in the range 0.3-0.5 seem to provide the best curve fits; the ¢ = 0 curve
cannot describe the n(9) and W ,(7) curves over a wide range of shear rates. In Figs. 19.7-4
and 6 we show how the values of #, and A vary with the weight-averaged molecular weight.
According to Eq. 19.6-13, 5, and 4 should have the same molecular weight dependence for
monodisperse fluids (17, oc 4 oc M>*#) and the figures bear this out moderately well. In Fig.
19.7-7 we show how N increases with the molecular weight; note that N is not particularly
large. .
Finally in Fig. 19.7-9 we show the transient behavior at the inception of steady shear
flow. For very small times the theory does not fit the data particularly well. This may in part

10° = T T T T T T TTTg
: n € =1 :
'L M - -
e=0.1 ]
1072 = €=02

B NN
NN
[l R TETT BRSNS AW URTT] MAYEREA NI

10° 10 10? 10° 10*
AY
FIGURE 19.7-1. Viscosity as a function of shear rate y for various values of the link tension
coefficient &. The time constant A is N>*™# {a?/2kT and the zero-shear-rate viscosity #, is g&5(1 + 2¢)
NnkTJ. The curves are dashed in the region where the slope is steeper than —1. The ¢ = 0 curve

corresponds to the Doi-Edwards theory. Reproduced from R. B. Bird, H. H. Saab, and C. F. Curtiss,
J. Chem. Phys., 77, 4747-4757 (1982).

3 M. Doi and S. F. Edwards, J. Chem. Soc., Faraday Trans. I1, 74, 1789 -1832 (1978); 75, 38- 54 (1979).
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FIGURE 19.7-2. The normal-stress coefficients versus the dimensionless shear rate. The zero-shear-
rate normal stress coefficients are ¥, = (1/300)NnkTA? and Y, o= — [(1 —¢)/1050)]NnkTi% The
dashed curves correspond to the region where the 5/5, versus Aj curves have a slope steeper than — 1.
The ¢ = 0 curve corresponds to the Doi-Edwards theory. Reproduced from R. B. Bird, H. H. Saab,
and C. F. Curtiss, J. Chem. Phys., 77, 4747-4757 (1982).
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FIGURE 19.7-3. Comparison of the steady-state viscosity calculated from Eq. 19.7-9 with data on
nearly monodisperse polystyrene melts of various molecular weights. The data of W. W. Graessley;
S. D. Glasscock, and R. L. Crawley [ Trans. Soc. Rheol., 14, 519-544 (1970)] are at 180°C, and those of
R. A. Stratton [J. Coll. Interf. Sci., 22, 517-530 (1966)] are at 183°C. All the data are for samples with
M, /M, < 1.1. The dashed part of the ¢ = 0 curve, corresponding to the Doi-Edwards theory, is
unattainable, since the slope is steeper that — 1. The experimental data extend well below the critical
value of /i, = 0.25 of the ¢ = 0 curve. Reproduced from H. H. Saab, R. B. Bird, and C. F. Curtiss, J.
Chem. Phys., 77, 4758-4766 (1982).
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FIGURE 19.7-4. Plots oflog 5, and log A versus log M . from the data comparison of Fig. 19.7-3 for
the data of Stratton. The quantities n4,(Pa-s) and A(s) were determined by the best fit of the data with
the theoretical curves in Fig. 19.7-1. Reproduced from H. H. Saab, R. B. Bird, and C. F. Curtiss, J.
Chem. Phys., 77, 4758-4766 (1982).
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FIGURE 19.7-5. Data of H. Endo, T. Fujimoto, and M. Nagasawa, [J. Polym. Sci., A2, 9, 345- 362
(1971)] on viscosity » and first normal stress coefficient W, compared with curves of Figs. 19.7-1 and 2.
The data are for 7% (by weight) solutions of poly-a-methylstrene of various molecular weights in
Kanechlor at 25°C. All the polymer samples have M, /M, < 1.01. The same combinations of 4 and ¢

fit both the n and ¥, data. Reproduced from H. H. Saab, R. B. Bird, and C. F. Curtiss, J. Chem. Phys.,
77, 4758-4766 (1982).
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FIGURE 19.7-6. Plots of log 1, and log A vs. log M, from the data comparison of Fig. 19.7-5 for the
poly-a-methylstyrene solutions of Endo, Fujimoto and Nagasawa. The values of ny(Pa-s) are the
measured values and the values of i(s) are those that give the best fit with the theoretical viscosity and
normal-stress coefficient curves. Both lines have a slope of about 3.5, which corresponds to a value of
0.5 for . Reproduced from H. H. Saab, R. B. Bird, and C. F. Curtis, J. Chem. Phys., 77, 4758-4766
(1982).

be a result of the fact that the theoretical calculations do not account for the fluid inertia
effects as the flow profiles are beginning to be established at the beginning of the experiment.
On the other hand, it is more likely that the Kramers bead-spring chain model, with N not
very large, is not capable of describing the rapid small-scale motions of the polymer
molecules. This deficiency in the Kramers chain was also discussed in connection with the
poor description of #™(w) at very high frequencies.

It must be borne in mind that the data comparisons given here are for monodisperse
systems only. Even a small amount of polydispersity can have an appreciable effect. In Fig.
19.7-8, where the polymer being tested has M, /M, = 1.25, it was found that it was not

[ I I
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M, X 1078

FIGURE 19.7-7. The number of beads per chain, N, versus the molecular weight from the data
comparison in Fig. 19.7-6. The quantity N was determined from 51, = &5(1 + 26)N(p/M )NKT A of the
solutions. p = 1.3630 g/cm® was given by M. Nagasawa (private communication (1982)). Reproduced
from H. H. Saab, R. B. Bird, and C. F. Curtiss, J. Chem. Phys., 77, 4758-4766 (1982).
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FIGURE 19.7-8. Data of E. V. Menezes and W. W. Graessley [Rheol. Acta, 19, 38 50 (1980)] for
viscosity # and first normal stress coefficient ¥, compared with theoretical curves of Figs. 19.7-1 and
2. The data are for 129, (by weight) solutions of polystyrene (M, = 1.8 x 10° M /M, = 1.25) in
tricresyl phosphate at 25°C. Because of polydispersity, it is not possible to fit both properties with a
single combination of 2 and ¢: 4 = [50s fits the #-data to the ¢ = 0.5 curve, whereas 4 = 190s fits the
V¥ ,-data to the ¢ = 0.5 curve. Reproduced from H. H. Saab, R. B. Bird, and C. F. Curtiss, J.- Chem.
Phys., 77, 4758-4766 (1982).

possible to fit two material functions, namely # and ¥, with a single value of the time
constant A. It is necessary to use the mixture formula in Eq. 19.6-9 to account for
polydispersity.*

§19.8 ELONGATIONAL-FLOW RHEOLOGICAL PROPERTIES'

We conclude this chapter with a brief discussion of the theoretical predictions for
elongational flow, using Eq. 19.6-9 as a starting point. The flow pattern under consideration

is v, = —3&(t)x, v, = — L&)y, v, = ¥(t)z, for which
-1 0 0 A—1 0 0
o= 0 -1 oli, 49=| o A—1 0 (19.8-1)
0 0 2 0 0 A7 -1

where A(t, t') = A.(t, t') = exp [\ &(t")dt" is the “elongation ratio” (sec Appendix C). Then
the components of the tensors A® and B = {y: A®} nceded for getting the elongational

4 One attempt to do this was that of Y.-H. Lin, J. Rheol., 28, 1-22 (1984), who used the Doi Edwards theory
(¢ = 0). For ¢ # 0 more satisfactory results are obtained, as may be seen in J. D. Schieber, C. F. Curtiss, and R. B.
Bird, Ind. Eng. Chem. Fundam., 25, 471 475 (1986), J. D. Schieber, Univ. of Wisc. Rheology Research Center
Reports Nos. 107 and 108 (1986).

! R. B. Bird, H. H. Saab, and C. ¥. Curtiss, J. Phys. Chem., 86, 1102 1106 (1982).
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FIGURE 19.7-9. Data of E. V. Menezes and W. W. Graessley [Rheol. Acta, 19, 38-50 (1980)] for ™"
and W} at inception of steady shear flow (dashed lines) with the theoretical curves obtained from the
kinetic theory (solid lines). The liquid used is the same as that described in the caption to Fig. 19.7-8.
The theoretical curves for % were calculated for 4 = 150s, ¢ = 0.5, and for W{ with 4 = 190s, & = 0.5.
Reproduced from H. H. Saab, R. B. Bird, and C. F. Curtiss, J. Chem. Phys., 77, 4758-4766 (1982).

viscosity may be found from Eqgs. 19.6-10 and 11 to be

AP — A@:%X?iic ?E%%%§54>w; A1 (19.8-2)
AD — 4D = 21fl3cmf%%gﬁ_l>“; A<l (198-3)
Eﬁiiéﬁﬁf 8(A31 1)2[8A6-+17A3-+2 (15A6-y12A3)drmj;A!?Ez"l],
A1 (1984)
B xé”BE - oo 1/\3)2 [8/\6 +17A% 42 — (15A° + 12A%) drcg\r}—?—%}?\?]

A<l (198-5)
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FIGURE 19.8-1. Elongational viscosity as a function of elongation rate £ for various values of the
link tension coefficient ¢. The time constant 4 s N**#{a?/2kT. For small values of | 1¢[, Eq. 19.6-16 can
be used. Reprinted with permission from R. B. Bird, H. H. Saab, and C. F. Curtiss, J. Phys. Chem., 86,
1102-1106 (1982). Copyright (1982) American Chemical Society.

With these quantities Eq. 19.6-9 may be used to get the normal stress differences in any
time-dependent elongational flow.

Specifically for steady elongational flow Eq. 19.6-9 (written for a monodisperse fluid)
can be integrated numerically. Then t,, — 1., and hence #(£), can be found. Figure 19.8-1
shows the behavior of 7j(£) both for & > 0 (fiber stretching) and & < 0 (sheet stretching). Note
that there is a nonzero slope at & = 0 and that the link tension coefficient ¢ has a substantial
effect on the curves. For & = 3/8 the elongational viscosity is very nearly constant for & > 0.
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FIGURE 19.8-2. Comparison of experimental steady clongational viscosity data for high-density
polyethylene melts with the calculated curves in Fig. 19.8-1; ¢ = 0 corresponds to the Doi-Edwards
theory: (H) data of H. M. Laun [in G. Astarita, G. Marrucci, and L. Nicolais, eds., Rheology, Vol. 2,
Plenum, New York (1980), pp. 419-424]; (¥) data of H. Miinstedt and H. M. Laun [Rheol. Acta, 20,
211-221 (1981)]. Note that in plotting the experimental values of 7(€)/3n,, the quantity #, is the
zero-shear-rate viscosity, determined experimentally. Reprinted with permission from R. B. Bird,
H. H. Saab, and C. F. Curtiss, J. Phys. Chem., 86, 1102-1106 (1982). Copyright (1982) American
Chemical Society.
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FIGURE 19.8-3. Comparison of the biaxial extension data for a polystyrene melt (Hostyren
N 4000 V) of J. A. van Aken and H. Janeschitz-Kriegl [Rheol. Acta, 19, 744 754 (1980); 21, 388 -393
(1982)] with the ¢ < O part of the 7(¢) curves in Fig. 19.8-1. The data have been temperature shifted to
170°C. In plotting the experimental values of 7(¢)/3x,, the quantity #, is the zero-shear-rate viscosity,
determined experimentally. Reprinted with permission from R. B, Bird, H. H. Saab, and C. F. Curtiss,
J. Phys. Chem., 86, 1102-1106 (1982). Copyright (1982) American Chemical Society.

In Fig. 19.8-2 experimental data for /(&) with & > 0 for polyethylene melts are shown.
These are linear polyethylenes; unfortunately they are highly polydisperse, and this fact
makes the data comparison of questionable value, Values of 4 and ¢ (=0.08) were chosen by
fitting the experimental data. In Fig. 19.8-3 values of #(¢) for & < 0 inferred from
birefringence data on polystyrene melts in biaxial extension are shown. Figures 19.8-2 and 3
by no means constitute a complete experimental test of the theory; however it can at least be
seen that the theoretical curves exhibit the correct trends (except for ¢ = 0).
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FIGURE 19.8-4. Comparison of experimental elongational growth viscosity with calculated curves
based on Egs. 19.6-9, and 19.8-2 to 5. The experimental data are those of H. M. Laun [in G. Astarita,
G. Marrucci, and L. Nicolais, eds., Rheology, Plenum, New York (1980), Vol. 2, pp. 419-424]. The
combination of 2 and & (30 s, 0.08) that gives the best fit with the steady elongational viscosity is used.
Reprinted with permission from R. B. Bird, H. H. Saab, and C. F. Curtiss, J. Phys. Chem., 86,
1102-1106 (1982). Copyright (1982) American Chemical Society.
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One additional test, also incomplete, is the comparison of elongational stress growth
data with the theoretical curves shown in Fig. 19.8-4. Here the parameters A = 30s and
£ = 0.08 were determined from steady clongational data, and no additional parameters
were used in making the data comparison in the figure.

We conclude this section by reminding the reader that the experiments for
measuring 7 and 77 are exceedingly difficult to perform. For testing the theory, data on
monodisperse systems would be highly desirable; also more theoretical calculations taking
into account the polydispersity effects, with Eq. 19.6-9, should be performed.?

PROBLEMS
19C.1 The Single-Link Distribution Function and the Constitutive Equation for ¢’ = 0.
a. Obtain the expansion in Eqg. 19.5-17 from the expression for f(u, 0,1) in Eq. 19.5-15.
b. Verify that Eq. 19.5-21 simplifies to the lowest order terms in Eq. 19.5-17 when ¢ is set
equal to zero.

c. Substitute Eq. 19.5-17 for f(u o,1) into Eq. 19.4-18 and obtain the retarded motion
expansion in Eq. 19.6-12.

19D.1 Retarded Motion Expansion

Show that the sums over n in Egs. 19.6-21 and 22 are given by

I n*
Y =06 (19D.1-1)
n,odd
A *, sinh x 1 {
" z 3 (19D.1-2)
ng},dn"*ﬁét(l—(;’)xs Itcoshx 2 24" '

where x = [6gN2/(1 — &)]'/%

2 J. D. Schieber, Univ. of Wisconsin Rheology Rescarch Center Report No. 108 (1986).



