
Polymer rheology, molecular theory and flow.
Lecture series at Nanjing University, August 2018.

by

Ole Hassager

The 8 lectures and associated 8 exercise sessions will be based on the two 
volume textbook Dynamics of Polymeric Liquids, “DPL” (Bird et al., Wiley 
1987) with additional material. Active participation will be encouraged. 
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Lecture 1: Basic concepts of flow: The Navier-Stokes equation. Computational rheology 
with the generalized Newtonian fluid model. Shear flows and normal stresses. Application for 
polymer processing.

Lecture 2: Linear viscoelasticity: Relaxation functions. Continuous and discrete relaxation 
spectra. The Rouse spectrum. Interrelation between start-up, oscillation and creep. Non-
isothermal properties and time-temperature shifting.

Lecture 3: Non-linear viscoelasticity 1: Material functions and empirical relations. 
Convected derivatives and the Oldroyd-B model. the Giesekus model, the Wiest model and the 
Rolie-Poly model.

Lecture 4: Molecular theory 1: The random walk and Gaussian springs. Diffusion equations 
and the molecular origin of stress. The Giesekus model, the Wiest model and the Rolie-Poly 
model..

Lecture 5: Non-linear elasticity and viscoelasticity: Deformation tensors, Gaussian 
network theory. Mooney-Rivlin plot. Integral models.

Lecture 6: Molecular theory 2: Reptation, the Doi-Edwards model, introduction to tube-
based models with stretch.. 

Lecture 7: Extensional rheology: Techniques and relation to molecular structure.

Lecture 8: Extensional rheology: Information from neutron and x-ray scattering, fracture.
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A temperature T is an example of a scalar. It has no
direction.

A velocity 𝒗𝒗 is an example of a vector. It has a direction and 
coordinates 𝑣𝑣𝑖𝑖 (𝑖𝑖 = 1,2,3) in a rectangular coordinate system.

The temperature gradient 𝛁𝛁𝑇𝑇 is another example of a 
vector. It has coordinates ⁄𝜕𝜕 𝜕𝜕𝑥𝑥𝑖𝑖 𝑇𝑇 in a rectangular
coordinate system.

The velocity gradient 𝛁𝛁𝛁𝛁 is an example of a tensor. It has 
coordinates 𝛁𝛁𝛁𝛁 𝑖𝑖𝑖𝑖 = ⁄𝜕𝜕 𝜕𝜕𝑥𝑥𝑖𝑖 𝑣𝑣𝑗𝑗.

See Table A.7-1 and Table A.7-2 for definitions of differential
operators. 
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Conservation of mass for incompressible fluids:

𝛁𝛁 � 𝒗𝒗 = 0 (DPL 1.1-5)



5

Conservation of momentum (force balance)

𝜕𝜕
𝜕𝜕𝑡𝑡
𝜌𝜌𝒗𝒗 = − 𝛁𝛁 � 𝜌𝜌𝜌𝜌𝜌𝜌 − 𝛁𝛁 � 𝝅𝝅 + 𝜌𝜌𝒈𝒈

𝝅𝝅 = 𝑝𝑝𝜹𝜹 + 𝝉𝝉
𝜕𝜕
𝜕𝜕𝑡𝑡
𝜌𝜌𝒗𝒗 = − 𝛁𝛁 � 𝜌𝜌𝜌𝜌𝜌𝜌 − 𝜵𝜵𝑝𝑝 − 𝛁𝛁 � 𝝉𝝉 + 𝜌𝜌𝒈𝒈

So stress (𝝉𝝉) in DPL is defined positive in compression and negative in tension.

In all other material in this course we use the symbol 𝝈𝝈 = − 𝝉𝝉 for stress.

Then stress is positive in tension and negative in compression.



6

Definition of stress:

Given a surface S with normal unit vector 𝑛𝑛.

The surface and normal vector divides space into two half
spaces (positive side where the vector points into)

Then the force 𝑓𝑓 exerted by material on the positive side on 
the material on the negative side is

𝑓𝑓 = 𝝈𝝈 � 𝒏𝒏 𝑆𝑆

This is the defining equation for stress.
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Incompressible Newtonian fluids:

𝝈𝝈 = 𝜇𝜇 𝜵𝜵𝜵𝜵 + 𝜵𝜵𝜵𝜵 𝑇𝑇 = 𝜸̇𝜸

Inserted into momentum balance yields Navier-Stokes equation:

𝜌𝜌
𝜕𝜕
𝜕𝜕𝑡𝑡

+ 𝒗𝒗 � 𝜵𝜵 𝒗𝒗 = −𝜵𝜵𝑝𝑝 + 𝜇𝜇𝛻𝛻2𝒗𝒗 + 𝜌𝜌𝒈𝒈 DPL Table 1.2-1 (B) 
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Laminar flow between stationary parallel plane surfaces (DPL Example 1.3-1)

Two parallel planes separated by distance 2ℎ has a pressure gradient ⁄𝜕𝜕 𝜕𝜕𝑥𝑥. 

Find the volume rate of flow. 

Assume that 𝑣𝑣𝑥𝑥 = 𝑣𝑣𝑥𝑥 𝑦𝑦 and 𝑣𝑣𝑦𝑦 = 𝑣𝑣𝑧𝑧 = 0.  

𝑦𝑦 = ℎ

𝑦𝑦 = −ℎ

𝑥𝑥

𝜌𝜌
𝜕𝜕
𝜕𝜕𝑡𝑡

+ 𝒗𝒗 � 𝜵𝜵 𝒗𝒗 = −𝜵𝜵𝑝𝑝 + 𝜇𝜇𝛻𝛻2𝒗𝒗 + 𝜌𝜌𝒈𝒈

0 = −
𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜇𝜇
𝑑𝑑2𝑣𝑣𝑥𝑥
𝑑𝑑𝑥𝑥2 𝑣𝑣𝑥𝑥 −ℎ = 𝑣𝑣𝑥𝑥 ℎ = 0

𝑄𝑄 = 𝑊𝑊�
−ℎ

ℎ
𝑣𝑣𝑥𝑥𝑑𝑑𝑑𝑑 =

2𝑊𝑊ℎ3

3𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
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Laminar flow in circular tubes  (DPL Example 1.3-2)

Given a horizontal tube of radius 𝑅𝑅 and length 𝐿𝐿 and pressure drop (𝑝𝑝0 − 𝑝𝑝𝐿𝐿). Find the volume flow 𝑄𝑄.

Assume that 𝑣𝑣𝑟𝑟 = 𝑣𝑣𝜃𝜃 = 0,  𝑣𝑣𝑧𝑧 = 𝑣𝑣𝑧𝑧(𝑟𝑟) and 𝑝𝑝 = 𝑝𝑝(𝑧𝑧).

𝜌𝜌
𝜕𝜕
𝜕𝜕𝑡𝑡

+ 𝒗𝒗 � 𝜵𝜵 𝒗𝒗 = −𝜵𝜵𝑝𝑝 + 𝜇𝜇𝛻𝛻2𝒗𝒗 + 𝜌𝜌𝒈𝒈

DPL Table B.2 Eqn. B.2-6:

0 = −𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

+ 𝜇𝜇 1
𝑟𝑟
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑟𝑟 𝑑𝑑𝑣𝑣𝑧𝑧
𝑑𝑑𝑑𝑑

, 𝑣𝑣𝑧𝑧 𝑅𝑅 = 0 , 𝑣𝑣𝑧𝑧 0 finite.

𝑄𝑄 = �
0

2𝜋𝜋
�
0

𝑅𝑅
𝑣𝑣𝑧𝑧𝑟𝑟𝑟𝑟𝑟𝑟 =

𝜋𝜋 𝑝𝑝0 − 𝑝𝑝𝐿𝐿 𝑅𝑅4

8𝜇𝜇𝜇𝜇
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Squeezing flow between parallel disks (DPL Example 1.3-5)

𝑧𝑧 = ℎ(𝑡𝑡)

𝑧𝑧 = −ℎ(𝑡𝑡)

𝑟𝑟

𝑧𝑧

Imagine a cylindrical surface at some distance 𝑟𝑟 from the axis. The volume rate of flow is 𝑄𝑄.

𝑄𝑄 = 𝜋𝜋𝑟𝑟2 −2
𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
2𝑊𝑊ℎ3

3𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

=
2(2𝜋𝜋𝜋𝜋)ℎ3

3𝜇𝜇
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑝𝑝
𝜕𝜕𝑟𝑟

=
3
2

𝜇𝜇 −𝑑𝑑𝑑𝑑𝑑𝑑𝑑
ℎ3

𝑟𝑟 𝑝𝑝 𝑅𝑅 = 𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎

𝐹𝐹 = 2𝜋𝜋�
𝑟𝑟=0

𝑅𝑅
𝑝𝑝 − 𝑝𝑝𝑎𝑎𝑎𝑎𝑎𝑎 𝑟𝑟𝑟𝑟𝑟𝑟 =

3𝜋𝜋𝑅𝑅4𝜇𝜇
8ℎ3

−
𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

Stefan equation
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𝝈𝝈 = 𝜂𝜂(𝛾̇𝛾)𝜸̇𝜸 where 𝛾̇𝛾 =
1
2
�

𝑖𝑖
�

𝑗𝑗
𝛾̇𝛾𝑖𝑖𝑖𝑖𝛾̇𝛾𝑖𝑖𝑖𝑖

Carreau model: 𝜂𝜂−𝜂𝜂∞
𝜂𝜂0−𝜂𝜂∞

= 1 + 𝜆𝜆𝛾̇𝛾 2 (𝑛𝑛−1)/2 .

Power law model: 𝜂𝜂 = 𝛾̇𝛾𝑛𝑛−1
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Exercises: 
1.1-1: Axial flow through tube: Go through Example 4.2-1 (verify Table 4.2-1 (B)

1.1-2: Axial flow in slit: Verify Table 4.2-1 (A).

1.2-3: Squeezing flow of power law fluid: Go through Example 4.2-7

1.2-4: Design equation for Coat-Hanger die: Solve problem 4B.15 in DPL.
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